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Introduction 



The finite groups of matrices witli coefficients in Q generated by reflections, 
known as Weyl groups, classify simple complex Lie groups as well as simple 
algebraic groups. They are also building stones for many other significant 
mathematical objects like braid groups and Hecke algebras. 

The Weyl groups are particular cases of complex reflection groups, finite 
groups of matrices with coefficients in a finite abelian extension of Q gen- 
erated by "pseudo-reflections" (elements whose vector space of fixed points 
is a hyperplane) - if the coefficients belong to M, then these are the finite 
Coxeter groups. 

The complex reflection groups were classified by Shephard and Todd in 
1954 (cf. [40J). If W is an (irreducible) complex reflection group, then 

• either there exist positive integers d, e, r such that W is isomorphic to 
G{de, e, r), where G{de, e, r) is the group of all r x r monomial matrices 
with non-zero entries which are de* roots of unity and whose product 
is a d*^ root of unity, 

• or VT is isomorphic to an exceptional group Gn {n = 4, ... ,37). 

The generic Hecke algebra 7i{W) associated to W^ is a quotient of the 
group algebra of the corresponding braid group (cf. [14j). It is an algebra 
over a Laurent polynomial ring in a set of indeterminates v = (fi)o<j<m 
whose cardinality depends on the group W. A cyclotomic Hecke algebra is 
an algebra obtain from 7i{W) via a specialization of the form Vi ^—>- y^\ where 
y is an indeterminate and Ui & Z for all i = 0,1, . . . ,m. 

The work of George Lusztig on the irreducible characters of reductive 
groups over finite fields has displayed the important role of the "families of 
characters" of the Weyl groups concerned. However, only recently was it 
realized that it would be of great interest to generalize the notion of fami- 
lies of characters to the complex reflection groups, or more precisely to the 
cyclotomic Hecke algebras associated to complex reflection groups. 

On one hand, the complex reflection groups and their associated cyclo- 
tomic Hecke algebras appear naturally in the classification of the "cyclotomic 



Harish-Chandra series" of the characters of the finite reductive groups, gen- 
erahzing the role of the Weyl group and its traditional Hecke algebra in the 
principal series. Since the families of characters of the Weyl group play an 
essential role in the definition of the families of unipotent characters of the 
corresponding finite reductive group ([23|), we can hope that the families of 
characters of the cyclotomic Hecke algebras play a key role in the organization 
of families of unipotent characters more generally. 

On the other hand, for some complex reflection groups (non-Coxeter) W, 
some data have been gathered which seem to indicate that behind the group 
W, there exists another mysterious object - the Spets (see [T3],[32]) - that 
could play the role of the "series of finite reductive groups of Weyl group W" . 
In some cases, one can define the unipotent characters of the Spets, which 
are controlled by the "spetsial" Hecke algebra of W, a generalization of the 
classical Hecke algebra of the Weyl groups. 

Recent results of Gyoja [23j and Rouquier [37] have made possible the 
definition of a substitute for families of characters which can be applied to all 
complex reflection groups. Gyoja has shown (case by case) that the partition 
into "p-blocks" of the Iwahori-Hecke algebra of a Weyl group W coincides 
with the partition into families, when p is the unique bad prime number for 
W. Later, Rouquier showed that the families of characters of a Weyl group 
W are exactly the blocks of characters of the Iwahori-Hecke algebra of W over 
a suitable coefficient ring, the "Rouquier ring". This definition generalizes 
without problem to all cyclotomic Hecke algebras of complex refiection groups 
(cf. [I2], [21] and [33]). 

This paper contains a thorough study of symmetric algebras and serves as 
an introduction to the Hecke algebras of complex refiection groups. Its aim is 
to study the blocks of the generic and cyclotomic Hecke algebras associated 
to complex refiection groups and present a method for the determination of 
their families of characters. 

The first chapter is dedicated to commutative algebra. The need for the 
results presented in this chapter (some of them are well-known, but others 
are completely new) arises form the fact that when we are working on Hecke 
algebras of complex refiection groups, we work over integrally closed rings, 
which are not necessarily unique factorization domains. 

In the second chapter, we encounter some classic results of block theory 
and representation theory of symmetric algebras. We will see that the "Schur 
elements" associated to the irreducible characters of a symmetric algebra play 
a crucial role in the determination of its blocks. Moreover, we generalize 
the results known as "Clifford theory" (see, for example, [TB]) to the case 
of "twisted symmetric algebras of finite groups" in order to determine the 
blocks of the subalgebras of symmetric algebras. The reader may refer to the 



Appendix for the applications of Clifford theory to the Hecke algebras of the 
exceptional complex reflection groups. 

In the third chapter, we introduce the notion of "essential algebras": 
these are symmetric algebras whose Schur elements have a specific form. We 
obtain many results on the block theory of these algebras, which we'll also 
apply to Hecke algebras, after we prove that they are essential in Chapter 4. 

It is in the fourth chapter that we give the formal definition for the braid 
group, the generic Hecke algebra and the cyclotomic Hecke algebras associ- 
ated to a complex reflection group. We show that the generic Hecke algebra 
is essential and, applying the results of Chapter 3, obtain that the Rouquier 
blocks {i.e., the families of characters) of the cyclotomic Hecke algebras de- 
pend on some numerical data of the group, its essential hyperplanes. 

In the fifth and final chapter of this paper, using the theory developed in 
the previous chapters, we construct an algorithm which can be used for the 
determination of the families of characters of any complex refiection group. 
Here we present the results for all the exceptional ones, obtained by pro- 
gramming this algorithm into GAP. 

Aknowledgements. I would like to thank the director of my thesis, Michel 
Broue, for his advice and Jean Michel for helping me with the programming 
part. I would also like to thank Gunter Malle for his suggestion that I gen- 
eralize my results on Hecke algebras, which led to the notion of "essential 
algebras" . 
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Chapter 1 

On Commutative Algebra 



The first chapter contains some known facts and some new results on Com- 
mutative Algebra, which are presented here for the convenience of the reader. 
In the first section, we define the localization of a ring and give some main 
properties. The second section is dedicated on integrally closed rings. We 
study particular cases of integrally closed rings, such as valuation rings, dis- 
crete valuation rings and Krull rings. We use their properties in order to 
obtain results on the divisibility of polynomials with coefficients in integrally 
closed rings. We state briefly some results on the completions of rings in 1.3. 
In the fourth section, we introduce the notion of "morphisms associated with 
monomials". They are morphisms which allow us to pass from a Laurent 
polynomial ring A in m + 1 indeterminates to a Laurent polynomial ring B 
in m indeterminates, sending a specific monomial to 1. Moreover, we prove 
(proposition ll.4.0|) that every surjective morphism from A to B which sends 
every indeterminate to a monomial is associated with a monomial. We call 
"adapted morphisms" the compositions of morphisms associated with mono- 
mials. They play a powerful role in the proof of the main results of Chapters 
3 and 4. Finally, in the last section of the first chapter, we give a criterion 
(proposition I1.5.5P for a polynomial to be irreducible in a Laurent polynomial 
ring with coefficients in a field. 

Throughout this chapter, all rings are assumed to be commutative with 
1. Moreover, if i? is a ring and xo,xi, . . . , Xm is a set of indeterminates on 
R, then we denote by R[xq^,Xi^, . . . iX^] the Laurent polynomial ring on 
m + 1 indeterminates, i.e., the ring R[xq, Xo~\ Xi, Xi"^ . . . , Xm, a^m~^]- 



1.1 Localizations 

Definition 1.1.1 Let R be a commutative ring with 1. We say that a subset 
S of R is a m,ultiplicatively closed set ifO^S,l&S and every finite product 
of elements of S belongs to S . 

In the set R x S, we introduce an equivalence relation such that (r, s) is 
equivalent to (r', s') if and only if there exists t ^ S such that t{s'r — sr') = 0. 
We denote the equivalence class of (r, s) by r/s. The set of equivalence classes 
becomes a ring under the operations such that the sum and the product of 
r/s and r'/s' are given by (sV + sr')/ss' and rr'/ss' respectively. We denote 
this ring by S^^R and we call it the localization of R at S. If S contains no 
zero divisors of R, then any element r oi R can be identified with the element 
r/1 of S~^R and we can regard the latter as an i?-algebra. 

Remarks: 

• If 5 is the set of all non-zero divisors of R, then S^^R is called the total 
quotient ring of R. If, moreover, R is an integral domain, the total 
quotient ring of R is the field of fractions of R. 

• If i? is Notherian, then S~^R is Noetherian. 

• If p is a prime ideal of R, then the set S" := i? — p is a multiplicatively 
closed subset of R. Then the ring S~^R is simply denoted by Rp. 

The proofs for the following well known results concerning localizations 
can be found in [6J. 

Proposition 1.1.2 Let A and B be two rings with multiplicative sets S and 
T respectively and f an homomorphism from A to B such that f{S) is con- 
tained in T . There exists a unique homomorphism f from S^^A to T^^B 
such that /'(a/1) = /(a)/l for every a E A. Let us suppose now that T is 
contained in the multiplicatively closed set of B generated by f{S). If f is 
surjective (resp. injective), then f is also surjective (resp. injective). 

Corollary 1.1.3 Let A and B be two rings with multiplicative sets S and T 
respectively such that A ^ B and 5 C T. Then S~^A C T~^B. 

Proposition 1.1.4 Let A be a ring and S,T two multiplicative sets of A 
such that 5 C T. We have S~^A = T^^A if and only if every prime ideal of 
R that meets T meets S . 



The following proposition and its corollary give us information about the 
ideals of the localization of a ring i? at a multiplicatively closed subset S of 
R. 

Proposition 1.1.5 Let R be a ring and let S be a multiplicatively closed 
subset of R. Then 

1. Every ideal b' of S^^R is of the form S^^b for some ideal b of R. 

2. Let b be an ideal of R and let f be the canonical surjection R -» R/b. 
Then f{S) is a multiplicatively closed subset of R/b and the homomor- 
phism from S^^R to (/(S'))~^(i?/b) canonically associated with f is 
surjective with kernel b' = S^^b. By passing to quotients, an isomor- 
phism between {S~^R)/b' and {f{S))^^{R/b) is defined. 

3. The application b' ^-^ b, restricted to the set of maximal (resp. prime) 
ideals of S~^R, is an isomorphism (for the relation of inclusion) be- 
tween this set and the set of maximal (resp. prime) ideals of R that do 
not meet S . 

4. If (]' is a prime ideal of S^^R and q is the prime ideal of R such that 
q' = S^^q (we have q fl S* = 0^, then there exists an isomorphism from 
Rq to {S^^R)q' which sends r/s to (r/l)/(s/l) for r E R, s G -R — q. 

Corollary 1.1.6 Let R be a ring, p a prime ideal of R and S := R — p. 

For every ideal b of R which does not meet S, let b' := bRp. Assume that 
b'^Rp. Then 

1. Let f be the canonical surjection R -^ R/b. The ring homomorphism 
from Rp to (i?/b)p/(, canonically associated with f is surjective and 
its kernel is b' . Thus it defines, by passing to quotients, a canonical 
isomorphism between Rp/b' and (i?/b)p/t)- 

2. The application b' 1-^ b, restricted to the set of prime ideals of Rp, is an 
isomorphism (for the relation of inclusion) between this set and the set 
of prime ideals of R contained in p (thus do not meet S). Therefore, 
pRp is the only maximal ideal of Rp. 

3. If now b' is a prime ideal of Rp, then there exists an isomorphism from 
Rb to {Rp)b' which sends r/s to (r/l)/(s/l) for r E R, s E R — b. 

The notion of localization can also be extended to the modules over the 
ring R. 

Definition 1.1.7 Let R be a ring and S a multiplicatively closed set of R. If 
M is an R-module, then we call localization of M at S and denote by S~^M 
the S^^ R-module M ®r S'^R. 

9 



1.2 Integrally closed rings 

Theorem-Definition 1.2.1 Let R be a ring, A an R- algebra and a an ele- 
ment of A. The following properties are equivalent: 

(i) The element a is a root of a monic polynomial with coefficients in R. 

(ii) The subalgebra R[a\ of A is an R-module of finite type. 
(iii) There exists a faithful R[a\-module which is an R-module of finite type. 
If a (z A verifies the conditions above, we say that it is integral over R. 

Definition 1.2.2 Let R be a ring and A an R-algebra. The set of all ele- 
ments of A that are integral over R is an R-subalgebra of A containing R; it 
is called the integral closure of R in A. We say that R is integrally closed in 
A, if R is an integral domain and if it coincides with its integral closure in 
A. If now R is an integral domain and F is its field of fractions, then the 
integral closure of R in F is named simply the integral closure of R, and if 
R is integrally closed in F, then R is said to be integrally closed . 

The following proposition ([7], §1, Prop. 13) implies that transfer theorem 
holds for integrally closed rings (corollary I1.2.4I) . 

Proposition 1.2.3 IfR is an integral domain, let us denote by R the integral 
closure of R. Let xq, ■ ■ ■ ,Xm be a set of indeterminates over R. Then the 
integral closure of R[xo, . . . , Xm] is R[xo, . . . , Xm] ■ 

Corollary 1.2.4 Let R be an integral domain. Then R[xq, . . . ,Xm] is inte- 
grally closed if and only if R is integrally closed. 

Corollary 1.2.5 If K is a field, then every polynomial ring K[xq, . . . ,Xm\ 
is integrally closed. 

The next proposition ([7], §1, Prop. 16) along with its corollaries treats 
the integral closures of localizations of rings. 

Proposition 1.2.6 Let R be a ring, A an R-algebra, R the integral closure 
of R in A and S a multiplicatively closed subset of R which contains no zero 
divisors. Then the integral closure of S~^R in S~^A is S^^R. 
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Proof: Let h/ s be an element of 5 ^R {s E S,b & R). Since the diagram 

R ' — > S R 

I I 

A ^ S-^A 

commutes, the element b/1 is integral over S~^R. Since 1/s G S~^R, the 
element b/s = (6/1) (1/s) is integral over S~^R. 

On the other hand, let a/t {a E A,t E S) be an element of S~^A integral 
over S~^R. Then a/1 = {t/l){a/t) is integral over S~^R. This means that 
there exist Tj G -R (1 < i < n) and s E S such that 

(a/1)" + (ri/s)(a/l)"-i + . . . + {rjs) = 0. 

The above relation can also be written as 

(sa" + ria"-i + ... + r„)/s = 

and since 5" contains no zero divisors of R, we obtain that 

sa" + ria"-i + . . . + r„ = 0. 

Multiplying the above relation with s"~^,we deduce that 

(sa)" + ri(sa)"-^ + . . . + s"-V„ = 0. 

Thus, by definition, we have sa G R. Therefore, a/1 G S^^R and hence, 
a/t G S-^R. U 

Corollary 1.2.7 Let R be an integral domain, R the integral closure of R 
and S a multiplicatively closed subset of R. Then the integral closure of S~^R 
IS S-^R. 

Corollary 1.2.8 If R is an integrally closed domain and S is a multiplica- 
tively closed subset of R, then S~^R is also integrally closed. 

Lifting prime ideals 

Definition 1.2.9 Let R, R' be two rings and let h : R —>■ R' be a ring homo- 
morphism. We say that a prime ideal a' of R' lies over a prime ideal a of R, 
tfa = h-\a'). 

The next result is [7], §2, Proposition 2. 
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Proposition 1.2.10 Let h : R —>■ R' be a ring homomorphism such that R' 
is integral over R. Let p be a prime ideal of R, S := R — p and (pi)ie/ ^^^ 
family of all the prime ideals of R' lying over p. If S' = f]-^j{R' — p^), then 
S-^R' = S'-^R'. 



Proof: By definition, we have h{S) C S' and since h{S)~^R' ~ S^^R', 
it is enough to show that if a prime ideal q' of R' doesn't meet h{S), 
then it doesn't meet S' either (see proposition ll.l.4p . Let us suppose that 
q' n h{S) = and let q := h~^{q'). Then we have q fl 5* = 0, which means 
that q C p. Since q' is lying over q by definition, there exists an index i E I 
such that q' C p'.. Therefore, q' n 5' = 0. ■ 

The following corollary deals with a case we will encounter in a following 
chapter, where there exists a unique prime ideal lying over the prime ideal p 
of R. In combination with proposition ll.2.6[ proposition 11.2.101 implies that 

Corollary 1.2.11 Let R be an integral domain, A an R-algebra, R the in- 
tegral closure of R in A. Let p be a prime ideal of R and S := R — p. If there 
exists a unique prime ideal p of R lying over p, then the integral closure of 
Rp in S~^A is Rp. 

Valuations 

Definition 1.2.12 Let R be a ring and T a totally ordered abelian group. 
We call valuation of R with values in T every application v : R ^ T U {oo} 
which satisfies the following properties: 

(VI) v{xy) = v{x) + v{y) for x E R,y E R. 

(V2) v{x + y) > inf (t>(x), f (y)) for x E R,y E R. 

(V3) v{l) = andv{0) = oo. 

In particular, if v{x) ^ v{y), property (V2) gives v{x + y) = mi{v{x),v{y)) 
for X E R,y E R. Moreover, from property (VI), we have that ii z E R with 
z"' = 1 for some integer n > 1, then nv{z) = f (2;") = v{l) = and thus 
v{z) = 0. Consequently, v{—x) = v{—l) + v{x) = v{x) for all x G R. 

Now let -F be a field and let v : F ^ T he a valuation of F. The set A of 
a E F such that t'(a) > is a local subring of F. Its maximal ideal vn.{A) is 
the set oi a E A such that v{a) > 0. For all a E F — A, we have a~^ E vn.{A). 
The ring A is called the ring of the valuation v on F. 
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We will now introduce the notion of a valuation ring. For more informa- 
tion about valuation rings and their properties, see [H]. Some of them will 
also be discussed in Chapter 2, Section 2.4. 

Definition 1.2.13 Let R be an integral domain contained in a field F. Then 
R is a valuation ring if for all non-zero element x & F, we have x E R or 
x~^ G R. Consequently, F is the field of fractions of R. 

If i? is a valuation ring, then it has the following properties: 

• It is an integrally closed local ring. 

• The set of the principal ideals of R is totally ordered by the relation of 
inclusion. 

• The set of the ideals of R is totally ordered by the relation of inclusion. 

Let -R be a valuation ring and F its field of fractions. Let us denote by 
R^ the set of units of R. Then the set F/j := F^ /R^ is an abelian group, 
totally ordered by the relation of inclusion of the corresponding principal 
ideals. If we denote by vr the canonical homomorphism of F^ onto Tr and 
set vr{0) = oo, then vr is a valuation of F whose ring is R. 

The following proposition gives a characterization of integrally closed 
rings in terms of valuation rings ([S], §1, Thm. 3). 

Proposition 1.2.14 Let R be a subring of a field F. The integral closure 
R of R in F is the intersection of all valuation rings in F which contain R. 
Consequently, an integral domain R is integrally closed if and only if it is the 
intersection of a family of valuation rings contained in its field of fractions. 

This characterization helped us to prove the following result about inte- 
grally closed rings. 

Proposition 1.2.15 Let R be an integrally closed ring and f{x) = Yl^aiX'^, 
g{x) = ^jhjX^ be two polynomials in R[x\. If there exists an element c E R 
such that all the coefficients of f{x)g{x) belong to cR, then all the products 
Qibj belong to cR. 

Proof: Due to the proposition 11.2.1^ it is enough to prove the result in 
the case where R is a. valuation ring. 

From now on, let i? be a valuation ring. Let f be a valuation of the 
field of fractions of R such that the ring of valuation of v is R. Let k, : = 

infj(f (oj)) and A := mij{v{bj)). Then k + X = miij{v{aibj)). We will 

13 



show that K, + X > v{c) and thus c divides all the products aibj. Ar- 
gue by contradiction and assume that k + X < v{c). Let ai-^,ai^, . . . ,ai^ 
with ii < i2 < • • • < V be all the elements among the Oj with valuation 
equal to n. Respectively, let hj^ ,bj^, . . . , bj^ with ji < J2 < • • • < js be 
all the elements among the bj with valuation equal to A. We have that 
ii + ji < im + jn, ^{rn,n) 7^ (1, 1). Therefore, the coefficient Q^+j^ of x*^"'"-'i 
in f{x)g{x) is of the form {aij)j^ + ^(terms with valuation > /t + A)) and 
since v{aij)j^) 7^ i;(^(terms with valuation > k + A)), we obtain that 

■^(cji+ii) = inf(t>(ajj6jJ,t>(N^(terms with valuation > k + A))) = k + X. 

However, since all the coefficients of f{x)g{x) are divisible by c, we have that 
w(cj^+jj > v{c) > K + X, which is a contradiction. ■ 

The propositions 11.2.161 and 11.2.181 derive from the one above. We will 
make use of the results in corollaries 11.2.17) and 11.2.191 in Chapter 3. 

Proposition 1.2.16 Let R be an integrally closed domain and let F be its 
field of fractions. Let p be a prime ideal of R. Then 

iR[x])pRi,]nF[x] =Rp[x]. 

Proof: The inclusion Rp[x] C (i?[x])pi(;[2:] nF[x] is obvious. Now, let f{x) 
be an element of F[x]. Then f{x) can be written in the form r(x)/^, where 
r{x) G R[x] and ^ E R. If, moreover, f{x) belongs to (-R[x])pij[a;], then there 
exist s{x),t{x) G R[x] with t{x) ^ pR[x] such that f{x) = s{x)/t{x). Thus 
we have 

^^^" e ~t{x)- 
All the coefficients of the product r{x)t{x) belong to ^R. Due to proposi- 
tion [LlIISl if r{x) = J2i '^i^* ^^^ ^(^) = J2j bjX^ , then all the products aibj 
belong to ^R. Since t{x) ^ P-R[a;], there exists jo such that bj^ ^ p and 
aj6jo G ^-R, Vz. Consequently, bj^^f^x) = bj^{r{x)/C,) G R[x] and hence all the 
coefficients of f{x) belong to Rp. ■ 



Corollary 1.2.17 Let R be an integrally closed domain and let F be its field 
of fractions. Let p be a prime ideal of R. Then 

1. (i?[a;,a;-^])p/j[^,^-i] nF[x,x-i] = Rp[x,x-^]. 

2. (-R[Xo, . . . ,Xm\)pR\xo,...,Xm] ^ F[^0^ • • • ) ^m\ = Rpi^Q, ■ ■ ■ ,Xm\- 
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3. {R[xq , . . . , x„ J)p_R[:i.±\...,i.±i] n F[xq , . . . , x^ J — Rp[XQ 



Proposition 1.2.18 Let R he an integrally closed domain and let F he its 
field of fractions. Let r{x) and s{x) he two elements of R[x\ such that s{x) 
divides r{x) in F[x]. If one of the coefficients of s{x) is a unit in R, then 
s{x) divides r{x) in R[x]. 

Proof: Since s(x) divides r(x) in F[x], there exists an element of the 
form t{x)/E, with t{x) G R[x\ and ^ G -R such that 

sixUix) 
r[x) = 



All the coefficients of the product s{x)t{x) belong to ^R. Due to proposition 
ll.2.15[ if s{x) = J2i'^i^^ ^^^ ^(^) — Ylij^j^^ ^ then all the products aibj be- 
long to ^R. By assumption, there exists iq such that aj^ is a unit in R and 
ajQ^j G C,R,Wj. Consequently, bj G ^-R, Vj and thus t{x)/C, G R[x]. ■ 



Corollary 1.2.19 Let R he an integrally closed domain and let F he its field 
of fractions. Let r,s he two elements of R[xq'^, . . . ,x^] such that s divides 
r in F[x^^, . . . ,x^]. If one of the coefficients of s is a unit in R, then s 



divides r in -R[x^^, . . . 



X 
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Discrete valuation rings and Krull rings 

Definition 1.2.20 Let F he a field, T a totally ordered ahelian group and v 
a valuation of F with values in V. We say that the valuation v is discrete, if 
r is isomorphic to Z. 

Theorem-Definition 1.2.21 An integral domain R is a discrete valuation 
ring , if it satisfies one of the following equivalent conditions: 

(i) R is the ring of a discrete valuation. 

(ii) R is a local Dedekind ring. 

(iii) R is a local principal ideal domain. 

(iv) R is a Noetherian valuation ring. 

By proposition !!. 2.141 integrally closed rings are intersections of valuation 
rings. Krull rings are essentially intersections of discrete valuation rings. 
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Definition 1.2.22 An integral domain R is a Krull ring , if there exists a 
family of valuations {vi)i^j of the field of fractions F of R with the following 
properties: 

(Kl) The valuations (fi)ig/ are discrete. 

(K2) The intersection of the rings of {vi)i^i is R. 

(K3) For allx G F^ , there exists a finite number ofi&I such thatvi{x) 7^ 0. 

The proofs of the following results and more information about Krull 
rings can be found in [9j, §1. 

Theorem 1.2.23 Let R be an integral domain and let SpeCi{R) be the set 
of its prime ideals of height 1. Then R is a Krull ring if and only if the 
following properties are satisfied: 

1. For all p G SpeC]^(-R), -Rp is a discrete valuation ring. 

2. R is the intersection of Rp for all p G SpeCi{R). 

3. For all r ^ Q in R, there exists a finite number of ideals p G SpeC]^(-R) 
such that r G p. 

Transfer theorem holds also for Krull rings. 

Proposition 1.2.24 Let R be a Krull ring, F the field of fractions of R and 
x an indeterminate. Then R[x\ is also a Krull ring. Moreover, its prime 
ideals of height 1 are: 

• the prime ideals of the form pR[x], where p is a prime ideal of height 1 
ofR, 

• the prime ideals of the form mr\R[x\, where m is a prime ideal of F[x]. 

The following proposition provides us with a simple characterization of 
Krull rings, when they are Noetherian. 

Proposition 1.2.25 Let R be a Noetherian ring. Then R is a Krull ring if 
and only if it is integrally closed. 

Example 1.2.26 Let K he a. finite field extension of Q and Zx the integral clo- 
sure of Z in X. The ring Zx is a Dedekind ring and thus Noetherian and integrally 
closed. Let xq, xi, . . . , Xm be indeterminates. Then the ring Zx[xq , x^^ , . . . , x^] is 
also Noetherian and integrally closed and thus a Krull ring. 
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1.3 Completions 

For all the following results concerning completions, the reader can refer to 
[35] . Chapter II. 

Let / be an ideal of a commutative ring R and let M be an i?-module. 
We introduce a topology on M such that the open sets of M are unions of 
an arbitrary number of sets of the form m + I"'M{m G M). This topology is 
called the I-adic topology of M. 

Theorem 1.3.1 If M is a Noetherian R-module, then for any submodule N 
of M, the I-adic topology of N coincides with the topology of N as a subspace 
of M with the I-adic topology. 

From now on, we will concentrate on semi-local rings and in particular, 
on Noetherian semi-local rings. 

Definition 1.3.2 A ring R is called semi-local , if it has only a finite number 
of maximal ideals. The Jacobson radical xn of R is the intersection of the 
maximal ideals of R. 

Theorem 1.3.3 Assume that R is a Noetherian semi-local ring with Jacob- 
son radical m and let R be the completion of R with respect to the ra-adic 
topology. Then R is also a semi-local ring and we have R O R. 

Theorem 1.3.4 Assume that R is a Noetherian semi-local ring with Jacob- 
son radical m and that M is a finitely generated R-module. Let R be the 
completion of R with respect to the m-adic topology. Endow M with the m- 
adic topology. Then M ®/? R is the completion of M with respect to that 
topology. 

Corollary 1.3.5 Let a be an ideal of a Noetherian semi-local ring R with 
Jacobson radical m. Let R be the completion of R with respect to the m-adic 
topology. Then the completion of a is aR and aR is isomorphic to a ®i? R. 
Furthermore, aRHR = a and R/aR is the completion of R/a with respect to 
the va-adic topology. 

Theorem 1.3.6 Assume that R is a Noetherian semi-local ring with Jacob- 
son radical m and let R be the completion of R with respect to the m-adic 
topology. Then 

1. The total quotient ring F of R (localization of R at the set of non-zero 
divisors) is naturally a subring of the total quotient ring F of R. 

2. For any ideal a of R, aRf] F = a. 
In particular, Rn F = R. 
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1.4 Morphisms associated with monomials and 
adapted morphisms 

We have the following elementary algebra result 

Theorem-Definition 1.4.1 Let R be an integral domain and M a free R- 
module of basis (ej)o<i<m- Let x = TqCq + riCi + . . . + r^em be a non-zero 
element of M. We set M* := Homj^(M, R) and M*{x) := {ip{x) \ ip e M*}. 
Then the following assertions are equivalent: 

(i) M*{x) = R. 

(ii) ET=oRr^ = R. 

(iii) There exists ip G M* such that v^(a;) = 1. 

(iv) There exists an R-submodule N of M such that M = Rx © N. 

If X satisfies the conditions above, we say that it is a primitive element of M. 

Proof: 

(i) <^ (ii) Let (e*)o<i<Tn be the basis of M* dual to (ei)o<i<m- Then M*{x) 
is generated by {e*{x))o<i<m and e*(x) = rj. 



M 



> (iii) There exist Uq,ui, . . . ,u„i & R such that YllLo'^i^i ~ ^- ^^ V '■- 
YlT=o^i'^h then ip{x) = 1. 



[iii) =^ (iv) Let A^ := Kery9. For all y G M, we have 

y = ip{y)x + {y-ip{y)x). 

Since v^(a;) = 1, we have y G Rx + A^. Obviously, Rx (1 N = {0}. 

{iv) =^ (i) Since M is free and R is an integral domain, x is torsion-free (oth- 
erwise there exists r G -R, r 7^ such that X]i!lo(^^«)^* ~ '-')• Therefore, 
the map 

R -^ M, r \-^ rx 

is an isomorphism of /^-modules. Its inverse is a linear form on Rx 
which sends a; to 1. Composing it with the map 

M -^ M/N -^ R, 

we obtain a linear form ip : M ^ R such that ip{x) = 1. We have 
1 G M*(x) and thus M*(x) = R. ■ 
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We will apply the above result to the Z-module Z''"^^. Let us consider 
{^i)o<i<m the standard basis of Z™+^ and let a := aoCo + aiCi + . . . + a^Cm be 
an element of Z™^^ such that gcd(aj) = 1. Then, by Bezout's theorem, there 
exist Mo, Ml, . . . ,Um G Z such that ^™o'"«'^« ~ -'- ^^^ hence YllLo'^^i — ^■ 
By theorem 11.4.11 there exists a Z-submodule Na of Z™'"'"^ such that Z™~*"^ = 
Za © Na- In particular, Na = Ker^j^, where ipa '■= JZ^o'^i^i- We will denote 
by Pa '■ Z'"^^ -» Na the projection of Z™"*"-^ onto A'a such that Kerp^ = Za. 
We have a Z-module isomorphism Zq : Na^l/^. Then /« := ia o p^ is a 
surjective Z-module morphism Z"*"*"^ -^ Z™ with Ker/^ = Za. 

Now let i? be an integral domain and let xq, xi, . . . , Xm be m -f- 1 indeter- 
minates over R. Let G be the abelian group generated by all the monomials 
in R[xq^, xf^, . . . , x^] with group operation the multiplication. Then G is 
isomorphic to the additive group Z'^+^ by the isomorphism defined as follows 

Or-. G ^ Z'^+^ 



7G ■ 

li=0 



IlT=o^^i '-^ {lo,h,...,l„,). 



Lemma 1.4.2 We have R[x^\xf\ . . .,x^^] = R[G] ~ i?[Z'"+i]. 

Respectively, if yi,...,ym are m indeterminates over R and H is the 
group generated by all the monomials in R[yf^, . . . , y^^], then H ~ Z™ and 
R[yt\...,yi']=R[H]c::^R[Z^]. 

The morphism Fa := 9h ° fa ° ^g '■ G ^* H induces an i?- algebra 
morphism 

ipa-. R[G] -^ R[H] 

Since Fa is surjective, the morphism (pa is also surjective. Moreover, Kenpa 
is generated (as an i?-module) by the set 

< 9 ^ ^\ 9 ^ G such that Ocig) G Za > . 

How do we translate this in the polynomial language? 

Let A := R[x^\ xf^ , . . . , x^^] and B := R[yf\yf^, . . . ,y^^]. Themapcpa 
is a surjective i?-algebra morphism from Ato B with Kery^^ = (Hiio ^^ ~1)^ 
such that for every monomial A^ in A, faiN) is a monomial in B. 

Definition 1.4.3 Let M := YYlLo^T ^^ ^ monomial in A with gcd(aj) = 1. 
An R-algebra morphism (fM '■ A —^ B defined as above will be called associated 
with the monomial M. 
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Example 1.4.4 Let A := R[X^'^,Y^^,Z^^] and M := X^Y~^Z-^. We have 
X := (5, —3, —2) and 

(-l)-5 + (-2).(-3)+0-(-2) = l. 

Hence, with the notations of the proof of theorem 11.4.11 we have 

Mo = -l,iii = -2, Us = 0. 
The map c^ : Z^ ^ Z defined as 

if := -Co -2e*. 
has Kenp = {{xq, xi, X2) G Z^ | j;o = — 2xi} = {(—2a, a, 6) | a, 6 G Z} =: N. 

By theorem 11.4.11 we have Z^ = Zx © A^ and the projection p : Z'^ -» A^ is 
the map 

{yo,yi,y2) =■ y^y-^{y)x = (6yo + 10yi,-3yo -5yi,-2yo - 4yi +^2)- 

The Z-module N is obviously isomorphic to 1? via 

i : (—2a, a, 6) 1-^ (a, h). 

Composing the two previous maps, we obtain a well defined surjection 

I? -^ T? 

(2/0,^1,2/2) ^ (-3yo -5yi,-2yo -4yi +^2)- 

The above surjection induces (in the way described before) an i?-algebra epimor- 
phism 

X ^ x-3y-2 

Z ^ Y 

By straightforward calculations, we can verify that KenpM = {M — 1)A. 

Lemma 1.4.5 Let M := Hi^o •'^T ^^ ^ monomial in A such that gcd(aj) = 1. 
Then 

1. The ideal (M — 1)A is a prime ideal of A. 

2. If p is a prime ideal of R, then the ideal q^ := pA + (M — 1)^4 is also 
prime in A. 

Proof: 
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1. Let ipM '■ A ^ B he a, morphism associated with M. Then ipM is 
surjective and Kercy^^ = (M — 1)A. Since B is an integral domain, the 
ideal generated by (M — 1) is prime in A. 



'U±l ^±1 ^±11 R' — O'U.il .,±11 



2. Set R := /2/p, A' := i?'[4\ xf \ . . . , x±i], 5' := R'[yt\...,y, 



' ym 



Then i?' is an integral domain and 

A/c^M ^ A'/{M - 1)A' ~ B'. 
Since B' is an integral domain, the ideal q^/ is prime in A. 



The following assertions are now straightforward. Nevertheless, they are 
stated for further reference. 

Proposition 1.4.6 Let M := YYi^o^T ^^ ^ monomial in A with gcd(aj) = 1 
and let (fM '■ A ^ B be a morphism associated with M. Let p be a prime 
ideal of R and set qM '■= pA + (M — 1)A. Then the morphism ipu has the 
following properties: 

1. If f & A, then ^mW) ^ P-^ ^/ '^^^ ^^^2/ 'i'f f ^ 1m- Corollary \ 1.1.6( 1) 
implies that 

\m/{M-1)A^,,:^B,b. 

2. If N is a monomial in A, then ipM{N) = 1 if and only if there exists 
keZ such that N = M^ . 

Corollary 1.4.7 (\m ^ R = P- 

Proof: Obviously p C qjvf fl R. Let ^ G i? such that ^ E (\m- If ^m is a 
morphism associated with M, then, by proposition 11.4.61 v^m(0 ^ P-^- B^^ 
ipMiC) = ^ and p5 n i? = p. Thus ^ G p. ■ 

Remark: If m = and we set x := Xq, then A := R[x, x~^] and B := R. The 
only monomials that we can associate a morphism A -^ B with are x and 
x^^. This morphism is unique and given by x i-^ 1. 

The following lemma, whose proof is straightforward when arguing by 
contradiction, will be used in the proofs of propositions 11.4.91 and 11.4.121 

Lemma 1.4.8 Let G, H be two groups and p : G —>■ H a group homomor- 
phism. If R is an integral domain, let us denote by pr : R[G] — >• R[II] the 
R-algebra morphism induced by p. Ifpn is surjective, thenp is also surjective. 
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Proposition 1.4.9 Let ip : A —>■ B be a surjective R-algebra morphism such 
that for every monomial M in A, ip{M) is a monomial in B . Then ip is 
associated with a monomial in A. 

Proof: Due to the isomorphism of lemma 11.4.21 ip can be considered as 
a surjective i?-algebra morphism 

if : i?[Z'"+^] -^ i?[Z™]. 

The property of ip about the monomials implies that the above morphism is 
induced by a Z- module morphism / : Z™'^^ -^ Z"^, which is also surjective 
by lemma 11.4.81 Since Z™ is a free Z-module the following exact sequence 
sequence splits 

-^ Ker/ -^ Z'"+^ ^ Z" -^ 

and we obtain that Z™"^^ ~ Ker/ © Z™. Therefore, Ker/ is a Z-module of 
rank 1 and there exists a := (ao, ai, . . . , am) G 17^^'^ such that Ker/ = Za. 
By theorem 11.4.11 a is a primitive element of Z™+^ and we must have 
^^qZoj = Z, whence gcd(aj) = 1. By definition, the morphism ip is as- 
sociated with the monomial Hi^o ^T ■ ' 

AT 1 ^ n , T 1 IT-. f R\v^^, ■ ■ ■ ,vt^], for 1 < r < m: 

Nowletr G |l,...,m+l| andT^ := <^ ^^^"^ ' '^^J' " " ,' 

y R, tor r = m + 1, 

where yr, ■ ■ ■ ,ym are m — r + 1 indeterminates over R. 



Definition 1.4.10 An R-algebra morphism ip : A ^ TZ is called adapted, if 
if = ip^o ipr-i o ... o if I J where ipi is a morphism associated with a monomial 
for all i = 1, . . . ,r . The family T := {ipr-, fr-i, ■ ■ ■ , fi} is called an adapted 
family for ip whose initial morphism is ipi. 



Let us introduce the following notation: If M := Ili^o'''? ^^ ^ monomial 

m 

i=o'- 



such that gcd(ci) = d G Z, then M° := UT=o^T^'^ 



Proposition 1.4.11 Let ip : A -^ TZ be an adapted morphism and M a 
monomial in A such that ip{M) = 1. Then there exists an adapted family for 
if whose initial morphism is associated with M° . 

Proof: Let M := nHo-^i^' ^^ ^ monomial in A such that ip{M) = 1. 
Note that ip{M) = 1 if and only if ip[M°) = 1. Therefore, we can assume 
that gcd(ci) = 1. We will prove the desired result by induction on r. 

• For r = 1, due to property 11.4.6( 2). ip must be a morphism associated 
with M. 
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For r = 2, set B := R[zf^, . . . , z^^]. Let ip := Lpi,o Lpai where 

— Lfa '■ A ^>- B is a. morphisni associated with a nionomial riiio-^r 
in A such that gcd(aj) = 1. 

— (pb '■ B ^f TZ is a, morphism associated with a monomial H^i ^j 



in B such that gcd(6j; — x. 

By theorem 11.4.11 the element a := (ag, Oi, . . . , a^) is a primitive ele- 
ment of Z™'^^ and the element h := {bi, . . . , hm) is a primitive element 
of Z™. Therefore, there exist a Z-submodule Na of Z'"^^ and a Z- 
submodule A^^ of Z"" such that Z'^+i = Za © A^'a and Z™ = Z6 © A^f,. 
We will denote by Pa '■ Z'"^^ ^> A''^ the projection of Z™"*"^ onto Na and 
by pb : Z™ ^> A^b the projection of 17^ onto A^f,. We have isomorphisms 
ia : A^a-^Z™ and if, : Arft^Z"^-^ 

By definition of the associated morphism, ^pa is induced by the mor- 
phism fa := ia°Pa '■ Z"""^-^ -^ Z™ and (pb by /^ := ibopb '■ Z*" -» Z"*"-*^. 
Set / := fb° fa- Then </? is the i?-algebra morphism induced by /. 

The morphism / is surjective. Since Z™~^ is a free Z-module, the 
following exact sequence sequence splits 

-^ Ker/ -^ Z""+^ -^ Z"~^ -^ 

and we obtain that Z™+i ~ Ker/ © Z™-^ 

Let b := i~^{b). Then Ker/ = Za © Z6. By assumption, we have that 
c := (co, Ci, . . . , Cm) e Ker/. Therefore, there exist unique Ai, A2 G 
Z such that c = Aia + A2&. Since gcd(Q) = 1, we must also have 
gcd(Ai,A2) = 1. Hence ^j=i ZA^ = Z. By applying theorem 11.4.11 to 
the Z-module Ker/, we obtain that c is a primitive element of Ker/. 
Consequently, / = / ' o /^, where fc is a surjective Z-module morphism 
^m+i _^ 'jjn ^^\i^\^ Ker fc = Zc and / ' is a surjective Z-module morphism 
Z*" -^ Z™^^. As far as the induced i?-algebra morphisms are concerned, 
we obtain that ip = ip' o ip^, where ipc is a morphism associated with 
the monomial M = YYiLo ^T ^-iid p} ' is also a morphism associated with 
a monomial (by pr op osit ion 1 1 . 4 . 9]) . Thus the assertion is proven. 

for r > 2, let us suppose that the proposition is true for 1, 2, . . . , r — 1. 
\{ p) = p>y. o (y9j._i o . . . o (^]^, the induction hypothesis implies that there 
exist morphisms associated with monomials p>'^, V^^-i' • • • > "^2 such that 

1. p) = p>'^o . . .0 p)'^o pii. 

2. yjg is associated with the monomial {p>i{M))°. 
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We have that ip2{ipi{M)) = 1. Once more, by induction hypothesis we 
obtain that there exist morphisms associated with monomials (p2, (p'l 
such that 

1. (^'2 O (^1 = if'^ o if'l. 

2. ip'l is associated with M°. 
Thus we have 

(f = (f'j. O . . . O (f'^ O (f'2 O ifi = (f'^ O . . . O (f'^ O if^ O if" 

and (p'l is associated with M°. ■ 



Proposition 1.4.12 Let if : A ^ TZ be a surjective R-algehra morphism 
such that for every monomial M in A, ip{M) is a monomial in TZ. Then ip 
is an adapted morphism. 

Proof: We will work again by induction on r. For r = 1, the above 
result is proposition II ■4.9I For r > 1, let us suppose that the result is true 
for 1, . . . , r — 1. Due to the isomorphism of lemma fl .4.21 f> can be considered 
as a surjective i?-algebra morphism 

The property of f> about the monomials implies that the above morphism 
is induced by a Z- module morphism / : Z"*"*"^ -^ Z'"^^"'', which is also 
surjective by lemma I1.4.8I Since Z"*"*'^"'" is a free Z-module the following 
exact sequence sequence sphts 

-^ Ker/ ^ Z™+^ -^ T^+^-'' -^ 

and we obtain that 1/^^^ ^ Ker/ © 17^^^^''' . Therefore, Ker/ is a Z-module 
of rank r, i.e., Ker/ ~ Z'". We choose a primitive element a of Ker/. Then 
there exists a Z-submodule Na of Ker/ such that Ker/ = Za (B Na- Since 
Ker/ is a direct summand of Z™"*"^, a is also a primitive element of Z"^"*"^ and 
we have 

Z™+^ ~ Za © iVa © Z™+i-^ 

Thus, by theorem ll.4.11 if (oq, ai, . . . , am) are the coefficients of a with respect 
to the standard basis of Z"^"*"^, then gcd(aj) = 1. 

Let us denote by Pa the projection Z™"*"-^ -» A^a © ^™+i-'' and by p' the 
projection A*";! © Z™'^^^'^' ^> Z'"'*'^"''. Then / = p' o p^. We have a Z-module 
isomorphism 
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Set fa := i o Pa and / ' := p' o i~^. Thus f = f o fa- If V^a is the i?-algebra 
morphism induced by fa, then, by definition, ipa is a morphism associated 
with the monomial YYiLo ^T ■ The i?-algebra morphism ip ' induced by / ' is a 
surjective morphism with the same property about monomials as (p (it sends 
every monomial to a monomial). By induction hypothesis, y?' is an adapted 
morphism. We have Lp = (p' o (p^ and so 99 is also an adapted morphism. ■ 



1.5 Irreducibility 

Let A; be a field and y an indeterminate over k. We can use the following 
theorem in order to determine the irreducibility of a polynomial of the form 
I/" - a in k[y] (cf.|25j. Chapter 6, Thm. 9.1). 

Theorem 1.5.1 Let k he a field, a E k — {0} and n G Z with n > 2. The 
polynomial y^ — a is irreducible in k[y], if for every prime p dividing n, we 
have a ^ kP and if A divides n, we have a ^ —Ak^. 

Let Xq, Xi, . . . , Xm be a set of m+1 indeterminates. We will apply theorem 
ll.S.ll to the field k{xi, . . . ,Xm)- 

Lemma 1.5.2 Let k be a field. The polynomial Xq° — pYYtLi^T with p G 
k — {0}, ttj G Z, gcd(aj) = 1 and Uq > is irreducible in k[x^^, . . . , a;^^][xo]. 

Proof: If ao = 1, the polynomial is of degree 1 and thus irreducible in 

k{xi, . . . , Xm)[a;o]. If oq > 2, let us suppose that 



yyXi, • . . , XjYi) 



i=l 



with /(xi, . . . , Xm), g{xi, . . . , Xm) G k[xi, . . . , Xm] prime to each other, 
g{xi, . . . , Xm) 7^ and p\ao, p prime. This relation can be written as 

g{xi,...,xmyp n xi^ = f{xu...,xmy n ^^~"'- 

{i|ai>0} {i|ai<0} 

We have that 

gcd(/(xi, . . . , XmY, g{xu . . . , XmY) = 1. 

Since k[xi, . . . ,Xm] is a unique factorization domain and Xj are primes in 

k[xi, . . . , Xm], we also have that 

gcd( n <% n ^ro=i- 

{i|ai>0} {j|ai<0} 
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As a consequence, 

f{xi,...,XmY = Xp Y\_ x°;' and g{xi,...,XmY = \ Y\_ 

{i|ai>0} {i|ai<0} 



—aj 

Xi 



for some A G fc — {0}. Suppose that {XpY^^ ,X^f^ G k. Once more, the 
fact that fc[xi, . . . , x„i\ is a unique factorization domain and Xj are primes in 
k[xi, . . . , Xm] imphes that 



/(xi,...,a:^) = (Ap)i/P n 4"and(?(xi,...,xJ = Ai/P J] ^"'^ 

{i|ai>0} {i|ai<0} 



•^j 5 



with bi E T, and 6jp = aj,V2 = l,...,m. Since p|ao, this contradicts the 
fact that gcd(aj) = 1. In the same way, we can show that if 4|ao, then 
pY\T=i^T ^ — 4A;(xi, . . . ,a;m)^- Thus, by theorem 11.5.11 Xq° ~ pY\T=i^T is 
irreducible in fc(a;i, . . . , a;m)[a;o]- 

Thanks to the following lemma, we obtain that Xq" — p Iliii ^T i^ i^^^" 
ducible in k[xf^, . . . , x^^][xo]. 

Lemma 1.5.3 Let R he an integral domain with field of fractions F and 
f{x) a polynomial in R[x\. If f{x) is irreducible in F[x] and at least one of 
its coefficients is a unit in R, then f{x) is irreducible in R[x]. 

Proof: If f{x) = g{x)h{x) for two polynomials g{x),h{x) G R[x], then 
g{x) G R or h{x) G R. Let us suppose that g{x) G R. Since one of the 
coefficients of /(x) is a unit in R, g{x) must also be a unit in R. Thus, /(x) 
is irreducible in R[x\. ■ 



Lemma 11.5.21 implies the following proposition, which in turn is going to 
be used in the proof of proposition 11.5.51 

±1 ^±1 ^±11 



, X^ 1 • • • 1 -^m 



Proposition 1.5.4 Let M := YYiLo ^T ^^ ^ monomial in k[xQ 

such that gcd(ai) = 1 and let p E k — {0}. Then M — p is an irreducible 

element of k[x^^,x^^, . . . ,x^]. 

Proof: Since gcd(aj) = 1, we can suppose that oq 7^ 0. Then it is enough 
to show that M — p is irreducible in the polynomial ring k[xi'^, . . . , x^^][xo]. 
If ao > 0, then M — p is irreducible in ^[x^^, . . . ,x^^][xo] by lemma ll.5.2[ 
If now flo < 0, then lemma 11.5.21 implies that M~^ — p^^ is irreducible in 

k[x^^, . . . ,x^^][xo] and hence M — p is also irreducible in k[x^^, . . . ,x^][xo]. 
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Proposition 1.5.5 Let M := YYiLo ^T ^^ '^ monomial in /c[a;^^, xf \ . . . , x^] 
such that gcd(aj) = 1. If f{x) is an irreducible element of k[x] such that 
f{x) 7^ X, then f{M) is irreducible in k[xQ^ ^Xi'^ ^ . . . ^ x^^"^ 



m J ■ 

Proof: Suppose that /(M) = g ■ h with g,h G k[x^^^x^^, . . . , x"!^]. Let 
Pi, . . . , Pn be the roots of f{x) in a sphtting field k'. Then 

f{x) = a{x- pi)...{x- Pn) 
for some a E k — {0}, hence 

/(M) = a(M-pi)...(M-p„). 

By proposition ll.5.4[ M — pj is irreducible in k' [x^^^ , xf^ , . . . , x^] for all 
j E {I, . . . ,n}. Since k'[xQ^,xf^, . . . , x^] is a unique factorization domain, 
we must have 

m 

^ = rJ]x^(M-p,J...(M-p,J 

for some r E k, hi E Z, and ji, ■ ■ ■ ,js £ {1, • • • , ""-j- Thus there exists 5''(x) E 
k[x] such that 

m 
j=0 

Respectively, there exists h'{x) E k[x] such that 

m 

h={[[x-''^)h'{M). 

i=0 

Thus, we obtain that 

f{M)=g'{M)h'{M). (t) 

Since gcd(aj) = 1, there exist integers (uj)o<j<m such that X^I^o'"*'^* ~ -'-• 
Let us now consider the /c-algebra specialization 

<f: k[x^\x^\...,x^^] -^ k[x] 
Xi ^-^ x'^\ 

Then v^(M) = '^(\YiLo^T) — x^»=o"'"* = x. If we apply y9 to the relation 
(t), we obtain that 

/(x) = g\x)h\x). 

Since f{x) is irreducible in k[x\, we must have that either g'{x) E k oi h'{x) E 
k. Respectively, we deduce that either g oi his a. unit in A;[x^\ x^^, . . . , x^]. 
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Chapter 2 
On Blocks 



The second chapter covers many aspects of block theory. The first section 
contains general results about the blocks of algebras of finite type. The sec- 
ond section is focused on the block theory of symmetric algebras. We define 
the "Schur elements" associated with the irreducible characters of a symmet- 
ric algebra and we see why they play an essential role in the determination of 
its blocks. In section 2.3 we provide a generalization of some classical results, 
known as "Clifford theory" (see, for example, [IS]), to the "twisted symmet- 
ric algebras of finite groups" and more precisely of finite cyclic groups. These 
allow us to determine the Schur elements and the blocks of a subalgebra of 
a symmetric algebra, given that certain conditions are satisfied. The last 
section is a general overview of the representation theory of symmetric alge- 
bras. We study decomposition maps and and use them to obtain results on 
the blocks of symmetric algebras defined over discrete valuation rings. More- 
over, "a variation for Tits' deformation theorem" gives us a new criterion for 
an algebra to be split semisimple. 

All the results presented in the first two sections of this chapter have been 
taken from the first part of [12j . 

2.1 Generalities 

Let O he a commutative ring with a unit element and A be an O-algebra. 
We denote by ZA the center of A. 

An idempotent in A is an element e such that e^ = e. We say that e is 
a central idempotent, if it is an idempotent in ZA. Two idempotents 61,62 
are orthogonal, if 6162 = 6261 = 0. Finally, an idempotent e is primitive, 
if 6 7^ and e can not be expressed as the sum of two non-zero orthogonal 
idempotents. 
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Definition 2.1.1 The block-idempotents of A are the central primitive idem- 
potents of A. 

Let e be a block-idempotent of A. The two sided ideal Ac inherits a 
structure of algebra, where the composition laws are those of A and the unit 
element is e. The application 

TTe : A ^ Ae 
h \-^ he 

is an epimorphism of algebras. The algebra Ae is called a block of A. From 
now on, abusing the language, we will also call blocks the block-idempotents 
of A 

Lemma 2.1.2 The blocks of A are mutually orthogonal. 

Proof: Let e be a block and / a central idempotent of A with f ^ e. 
Then ef and e — ef are also central idempotents. We have e = e/ + (e — ef) 
and due to the primitivity of e, we deduce that either e/ = or e = ef. If / 
is a block too, then either ef = or f = ef = e. Therefore, / is orthogonal 

to e. ■ 

The above lemma gives rise to the following proposition. 

Proposition 2.1.3 Suppose that the unit element 1 of A can be expressed 
as a sum of blocks: 1 = Yle^E^- Then 

1. The set E is the set of all the blocks of A. 

2. The family of morphisms {7!'e)eeE defines an isomorphism of algebras 

A^ n ^^■ 

eeE 

Proof: If / is a block, then / = Xlees^/- ^'^^ to lemma [2.1.21 there 
exists e G -E such that f = e. ■ 

In the above context (1 is a sum of blocks), let us denote by Bl(y4) the 
set of all the blocks of A. Proposition 12. 1.31 implies that the category ^niod 
of A-modules is a direct sum of the categories associated with the blocks: 

^mod^ ^ AeHiod. 

eeBl(A) 
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In particular, every representation of the (9-algebra Ae defines (by composi- 
tion with vTe) a representation of A and we say, abusing the language, that it 
"belongs to the block e" . 

Every indecomposable representation of A belongs to one and only one 
block. Thus the following partitions are defined: 

Ind(A) = y lnd{A,e) and Irr(A) = [J Irr(A,e), 

eeBl(yl) eGBl(A) 

where Ind(A) (resp. Itt{A)) denotes the set of indecomposable (resp. irre- 
ducible) representations of A and lnd{A,e) (resp. lrr{A,e)) denotes the set 
of the elements of Ind(yl) (resp. lrr{A)) which belong to e. 

We will consider two situations where 1 is a sum of blocks. 

First case: Suppose that 1 is a sum of orthogonal primitive idempotents, 
i.e., 1 = Y^idph where 

• every i G P is a primitive idempotent, 

• a i,j E P, i j^ j, then ij = ji = 0. 

Let us consider the equivalence relation B defined on P as the symmetric and 
transitive closure of the relation "iAj ^ {0}" . Thus (iBj) if and only if there 
exist iQ,ii, . . . ,in E P with io = i and in = j such that for all /c G {1, . . . , n}, 
ik-iAik 7^ {0} or i^Ai^-i 7^ {0}. To every equivalence class B oi P with 
respect to i3, we associate the idempotent e^ := XIjgb^- 

Proposition 2.1.4 The map B \^ cb is a bijection between the set of equiv- 
alence classes of B and the set of blocks of A. In particular, we have that 
1 = ^BeP/B^B (ind 1 is sum of the blocks of A. 

Proof: It is clear that 1 = 'YliSePIB^B- Let a E A and let B^B' be two 
equivalence classes of B with B 7^ B' . Then, by definition of the relation B, 
eBttCB' = 0. Since 1 = J^peP/B^B, we have that cpa = CBdCB = acB- Thus 
cb e ZA for all B e P/B. 

It remains to show that for all B G P/B, the central idempotent cb is 
primitive. Suppose that Cb = e-\- f, where e and / are two orthogonal prim- 
itive idempotents in ZA. Then we have a partition B = B^U Bf, where 
Be := {i E B \ie = i} and Bf := {j G B\jf = j}. For all i & B^ and 
j G Bf, we have iAj = ieAfj = iAefj = {0} and so no element of B^ can 
be i3-equivalent to an element of Bf. Therefore, we must have either i?e = 
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or Bf = 0, which imphes that either e = or / = 0. ■ 

Second case: Suppose that ZA is a subalgebra of a commutative algebra 
C where 1 is a sum of blocks. For example, if A is of finite type over O, where 
O is an integral domain with field of fractions F, we can choose C to be the 
center of the algebra FA := F ^o ^• 

We set 1 = X^ee-B ^' "W'here E is the set of blocks of C. For all S C E, set 
es := J2e€S^- -^ subset S* of i? is "on ZA" if es G ZA. If S and T are on 
ZA, then 5 n T is on ZA. 

Proposition 2.1.5 Let us denote by Ve{ZA) the set of non-empty subsets 
B of E which are on ZA and are minimal for these two properties. Then the 
map Ve{ZA) ^ A,B h^ cb induces a bisection between Ve{ZA) and the set 
of blocks of A. We have 1 = '^BeVE(ZA) ^b- 

Proof: Since every idempotent in C is of the form e^ for some S* C i5, it 
is clear that cb is a central primitive idempotent of A, for all B G Ve{ZA). 
It remains to show that 

1. If B,B' are two distinct elements of Ve{ZA), then B n B' = ^. 

2. Ve{ZA) is a partition of E. 

These two properties, stated in terms of idempotents, mean: 

1. If B,B' are two distinct elements of Ve{ZA), then cb and cb' are 
orthogonal. 

2- 1 = Z^BeVEiZA) ^B- 

Let us prove them: 

1. We have e^es' = e^nB' and so i? fl 5' = 0, because B and B' are 
minimal. 

2. Set F := \Jb&Ve{za)B- Then cf = Y.b&Ve{za)(^b G ZA. Then 
1 — Ci? = ce-f G ZA, which means that E — F is oti ZA . li E — F ^ (/}, 
then E — F contains an element of Ve{ZA) in contradiction to the def- 
inition of F. Thus F = E and Ve{ZA) is a partition of E. ■ 

Let us assume that 

• (9 is a commutative integral domain with field of fractions F, 
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• i^ is a field extension of F, 

• A is an O-algebra, free and finitely generated as an (9-module. 

Suppose that the i^-algebra KA := K ®o ^ is semisimple . Then KA is 
isomorphic, by assumption, to a direct product of simple algebras: 

Xelrr(ii'A) 

where Irr(i^y4) denotes the set of irreducible characters of KA and M^ is a 
simple i^-algebra. 

For all X ^ Irr(i^A), we denote by tt^ : KA -» M^ the projection onto 
the x-factor and by e^ the element of KA such that 



vTv' e^ 



1a/;,, ifx = x', 



'^^^'^^ 1 0, ifxT^x'. 
The following theorem results directly from propositions 12.1.31 and 12.1.51 
Theorem 2.1.6 

1. We have 1 = Ylix&rr(KA)^x '^^^ ^^^ ^^^ {^x}x&"{ka) is the set of all 
the blocks of the algebra KA. 

2. There exists a unique partition B1(A) of \ii{KA) such that 

(a) For all B G Bl(74), the idempotent cb '■= YlveB^x ^^ ^ block of A. 

(b) We have 1 = '^b&bua) ^b o^nd for every central idempotent e of 
A, there exists a subset ^^{A^e) o/Bl(A) such that 

e= Y. ^^• 

BeBl(A,e) 

In particular the set {eB}B&,\{A) is the set of all the blocks of A. 
Remarks: 

• li X ^ B for some B G 31(^4), we say that "x belongs to the block e^". 

• For all B G Bl(y4), we have 

KAcb ~ JJ M^. 

X&B 
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From now on, we make the following assumptions 

Assumptions 2.1.7 

(int) The ring O is a Noetherian and integrally closed domain with field of 
fractions F and A is an O-algebra which is free and finitely generated 
as an O-module. 

(spl) The field K is a finite Galois extension of F and the algebra KA is split 
(i.e., for every simple KA-module V , End/^yi(V) ~ K) semisimple. 

We denote by Ok the integral closure of O in K. 

Blocks and integral closure 

The Galois group Ga[{K/ F) acts on KA = K^c>A (viewed as an F-algebra) 
as follows: if a G Gal{K/F) and A ® a G KA, then a{\ ® a) := a{X) (g) a. 

If V^ is a i^- vector space and a G Gal{K/F), we denote by '^V the K- 
vector space defined on the additive group V with multiplication X.v : = 
a~^{X)v for all A G -ft' and v & V. If p : KA -^ Endi^(\/) is a representation 
of the i^-algebra KA, then its composition with the action of a~^ is also a 
representation ^p : KA -^ End/^('^V): 

KA ^^ KA ^ Endi^(\/). 

We denote by °"x the character of '^p and we define the action of Gal{K/F) 
on Iyy{KA) as follows: if o" G Ga\{K/F) and x ^ Itt{KA), then 

o-(x) ■=''X = (Toxoa'K 

This operation induces an action of Gal{K/F) on the set of blocks of KA: 

a{e^) = e.^ for all a G G8A{K/F), x G Itt{KA). 

Hence, the group Gal(-ft'/-F) acts on the set of idempotents of ZOkA and 
thus on the set of blocks of Ok A. Since FHOk = O, the idempotents of ZA 
are the idempotents of ZOkA which are fixed by the action of Gal{K / F) . 
As a consequence, the primitive idempotents of ZA are sums of the elements 
of the orbits of Gal(i^/F) on the set of primitive idempotents of ZOkA. 
Thus, the blocks of A are in bijection with the orbits of Gal(-ft'/-F) on the set 
of blocks of OkA. The following proposition is just a reformulation of this 
result. 
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Proposition 2.1.8 

1. Let B he a block of A and B' a block of Ok A contained in B. If 
GaA{K/F)B' denotes the stabilizer of B' in Ga\{K/F), then 

B= [j a{B') I.e., cb = Yl ^^^^')- 

aeGa.\{K/F)/Gal{K/F)g, aeG3.\{K/F)/Gal{K/F)g, 

2. Two characters Xi'4' ^ \ii{KA) are in the same block of A if and only 
if there exists a G Gal(i^/F) such that a{x) ^'^^ V" belong to the same 
block of Ok A. 

Remark: For all x ^ B', we have Ga\{K/F)^ C GdA{K/F)B'. 

The assertion (2) of the proposition above allows us to transfer the prob- 
lem of the classification of the blocks of A to that of the classification of the 
blocks of OkA. 

Blocks and prime ideals 

We denote by Speci{0) the set of prime ideals of height 1 of O. Since O is 
Noetherian and integrally closed, it is a KruU ring and by theorem 11.2.231 
we have 

peSpoci(C') 

where Op := {x e F \ {3a e O — p){ax G O)} is the localization of O at p. 
More generally, if we denote by Spec(C) the set of prime ideals of O, then 

0= f] Op. 

peSpec(C)) 

Let p be a prime ideal of O and OpA := Op ®o A. The blocks of OpA are 
the "p-blocks of A" . If x, "^ ^ Iti{KA) belong to the same block of OpA, we 

write X ^p i^- 

Proposition 2.1.9 Two characters Xi'4' ^ \ii{KA) belong to the same block 
of A if and only if there exist a finite sequence Xo? Xi? • • • ) Xn G \ii{KA) and 
a finite sequence pi, . . . , p„ G Spec(O) such that 

• Xo = X and Xn = V'; 

• for all j il<j<n), Xj-i ~p, Xj- 
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Proof: Let us denote by ~ the equivalence relation on Itt{KA) defined 
as the closure of the relation "there exists p G Spec((9) such that x ~p ^"• 
Thus, we have to show that x ~ "^ if and only if x and ip belong to the same 
block of A. 

We will first show that the equivalence relation ~ is finer than the relation 
"being in the same block of A". Let B be a block of A. Then B is a subset 
of Itt{KA) such that J2x&b ^x ^ ^- Since O = npeSpecfo) ^p' ^^ have that 
J2xeB^x ^ ^p^ f°^ ^11 P ^ Spec((9). Therefore, by theorem 12.1.61 C is a 
union of blocks of OpA for all p G Spec((9) and, hence, a union of equivalence 
classes of ~. 

Now we will show that the relation "being in the same block of A" 
if finer than the relation ~. Let C be an equivalence class of ~. Then 
E^ec^^x e 0,A for all p G Spec(C>). Thus Exgc^x ^ npespec(o) ^pA = A 
and C is a union of blocks of A. ■ 



Blocks and central morphisms 

Since KA is a split semisimple i^-algebra, we have that 

Xelrr(XA) 

where M-^ is a matrix algebra isomorphic to Mat^(i)(-ft'). 

Recall that A is of finite type and thus integral over O {[7\, §1, Def.2). 
The map vr^ : KA -^ M^, restricted to ZKA, defines a map u^ : ZKA -» K 
(by Schur's lemma), which in turn, restricted to ZA, defines the morphism 

ixJ^ : ZA —>■ Ok, 

where Ok denotes the integral closure oi O in K . 

In the case where O is a. discrete valuation ring, we have the following 
result which is proven later in this chapter, proposition l2.4.16l For a different 
approach to its proof, see [12], Prop. 1.18. 



Proposition 2.1.10 Suppose that O is a discrete valuation ring with unique 
maximal ideal p and K = F. Two characters Xi x' ^ Irr(i^A) belong to the 
same block of A if and only if 

u;^(a) = uJxi{a) modp for all a G ZA. 
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2.2 Symmetric algebras 

Let C be a ring and let A be an O-algebra. Suppose again that the assump- 
tions [2?TIZ1 are satisfied. 

Definition 2.2.1 A trace function on A is an O -linear map t : A —^ O such 
that t{ab) = t{ba) for all a,b & A. 

Definition 2.2.2 We say that a trace function t : A —>■ O is a symmetrizing 
form on A or that A is a symmetric algebra if the morphism 

t : A ^ Homci(A, O), a h-> (x i-^ t(a)(x) := t{ax)) 

is an isomorphism of A-modules-A. 

Example 2.2.3 In the case where O = Z and A = Ij[G\ {G a finite group), we 
can define the fohowing symmetrizing form ("canonical") on A 

t : Ij[G] -^ Z, y^ agQ H^ ai, 
gdG 

where ag £ Z for all g £ G. 

Since A is a free O-module of finite rank, we have the following isomor- 
phism 

}lomo{A,0)iS)o ^ ^ Homc.(A, A) 

If (E) a I— > {x \-^ (f{x)a). 

Composing it with the isomorphism 

AiS)oA ^ }lomaiA,O)0o A 
a®b 1-^ i{a) ® b, 

we obtain an isomorphism 

A0oA^'iiomo{A,A). 

Definition 2.2.4 We denote by Ca and we call Casimir of {A, t) the inverse 
image o/Id^ by the above isomorphism. 

Example 2.2.5 In the case where O = Z, A = Z[G] (G a finite group) and t is 
the canonical symmetrizing form, we have Gz[g] = J2neG 9~^ ^ 9- 
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More generally, if (ej)jg/ is a basis of A over O and (e^)jg/ is the dual 
basis with respect to t {i.e., ti^eie'^) = 6ij), then 

Ca = ^e- ® Cj. 

In this case, let us denote by ca the image of Ca by the multiplication 
A ^ A —^ A, i.e., Ca = '^azi^'i^i- It is easy to check (see also p!3], 7.9) the 
following properties of the Casimir element: 

Lemma 2.2.6 For all a E A, we have 

1. Y.i "^i ® Cj = Xlj ej ® e.a. 

2. qCa = Cao.. Consequently, ca G ZA. 

3. a = Ei^(«e-)e» = Ei^(«ei)e^ = T^A^'Ma = E»i^(ei)e-a. 

li T : A —>■ O is a. linear form, we denote by r^ its inverse image by the 
isomorphism t, i.e., r^ is the element of A such that 

t{T^ a) = T{a) for all a E A. 

The element r^ has the following properties: 

Lemma 2.2.7 

1. T is a trace function if and only if t"^ G ZA. 

2. We have r^ = Ylii'^i^'d^i — Ylii'^i^i)^'i '^'^'^ more generally, for all 
a E A, we have r'^a = '^iT{e[a)ei = '^iT{eia)e[. 

Proof: 

1. Recall that t is a trace function. Let a E A. For all x E A, we have 

t(r^a)(x) = t{T^ ax) = T{ax) 

and 

t(ar^)(a;) = t{aT^ x) = t{T'^ xa) = T{xa) 

If r is a trace function, then T{ax) = T{xa) and hence, t{T'^ a) = t{aT^). 
Since t is an isomorphism, we obtain that t"^ a = ar"^ and thus r^ E ZA. 

Now if r^ E ZA and a,h E A, then 

T{ah) = tir'^ab) = tihr'' a) = tihar'') = tiyT^'ha) = T{ba). 
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2. It derives from property 3 of lemma [2.2.61 and the definition of 
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Let Xreg be the character of the regular representation oi A, i.e., the linear 
form on A defined as 

Xreg(a) ■=tTA/o{K), 

where Xa '■ A —>■ A, x ^—>- ax, is the endomorphism of left multiplication by a. 

Proposition 2.2.8 We have x^g = ^a- 

Proof: Let a & A. The inverse image of Xa by the isomorphism 
A ®Q y4-^Homc)(y4, A) is aC^ (by definition of the Casimir). Hence, 

Xa = {x \-^ ^t(e-a)(a;)ei) = (x f-^ ^t(e-ax)ei) 

i i 

and 

tr A/oiXa) = ^t(e-aei) = t(a^e-ei) = t{acA) = t{cAa). 

i i 

Therefore, for all a E A, we have Xrcglo-) = t{cAa), i.e., x^g = c^- • 

If A is a symmetric algebra with a symmetrizing form t, we obtain a 
symmetrizing form t^ on KA by extension of scalars. Every irreducible 
character x ^ lri{KA) is a trace function on KA and thus we can define 
X^ G ZKA. 

Definition 2.2.9 For all x ^ \ii{KA), we call Schur element of x with 
respect to t and denote by s^ the element of K defined by 

Sx ■= ^xix"")- 

Proposition 2.2.10 For all x G Itt{KA), s^ G Ok- 

The proof of the above result will be given in proposition 12.4.61 

Example 2.2.11 Let O := Z, A := Z[G] {G a finite group) and t the canonical 
symmetrizing form. If K is an algebraically closed field of characteristic 0, then 
KA is a split semisimple algebra and s^ = |G|/x(l) for all x G 1tt{KA). Because 
of the integrality of the Schur elements, we must have |G|/x(l) G Z = Zk H Q for 
all X G Irr(i^A). Thus, we have shown that x(l) divides |G|. 

The following properties of the Schur elements can be derived easily from 
the above (see also plj , ^19] , [20] , [2T] , [I3] ) 
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Proposition 2.2.12 

1. We have 



X&rr{KA) ^ 



2. For all x ^ \ii{KA), the central primitive idempotent associated with 

ex = — X'' = — $^x(e-)ei. 

X X jgj 

3. For all x ^ Itt{KA), we have 

SxX(l) = ^x{ei)x{ei) and s^xi'^f = xC^e'^a) = xix^cg)- 

Corollary 2.2.13 The blocks of A are the non-empty subsets B of\ii{KA) 
minimal for the property 



y^ — X(«) e O for all a e A. 



X6B^^ 

2.3 Twisted symmetric algebras of finite groups 

This part is an adaptation of tlie section "Symmetric algebras of finite 
groups" of [12] to a more general case. 

Let A be an O-algebra such that the assumptions 12.1.71 are satisfied with 
a symmetrizing form t. Let A be a subalgebra of A free and of finite rank as 
(9-module. 

We denote by A-^ the orthogonal of A with respect to t, i.e., the sub-A- 
module-A of A defined as 

A^ ■.= {ae A\ (Va G A){t{aa) = 0)}. 

Proposition 2.3.1 

1. The restriction of t to A is a symmetrizing form for A if and only if 
A © A-^ = A. In this case the projection of A onto A parallel to A-^ is 
the map 

Br^ : A ^ A such that t(Br^(a)a) = t(ad) for all a G A and a & A. 
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2. If the restriction of t to A is a symmetrizing form for A, then A^ is 
the suh-A-module-A of A defined by the following two properties: 

(a) A = A® A^, 

(b) A-^ C Kert. 



Proof: 



1. Let us denote by i the restriction of t to A. Suppose that t is a 
symmetrizing form for A. Let a & A. Then t{a) := {x i— > t{ax)) G 
Homc)(A, O). The restriction of t(a) to A belongs to B.om.ci{A, O) and 
therefore, there exists a ^ A such that i{ax) = t{ax) = t{ax) for all 
X & A. Thus a — a & A-^ and since a = a + (a — a), we obtain that 
A = A+A^. If a G AnA-^, then we have i{a) = G Homo (A, O). Since 
i is an isomorphism, we deduce that a = 0. Therefore, A = A (B A-^ 



and the definition of Br^ is immediate 



Now suppose that A = A(B A-'-. We will show that the map 



t: A ^ Homo(A,C) 

A h^ {x \-^ i{ax) = t{ax)) 

is an isomorphism of A-modules-A. The map i is obviously injective, 
because i{a) = implies that a G A fl A-^ and thus a = 0. Now let 
/ be an element of }iom.c>{A,0). The map / can be extended to a 
map / G Homc)(A, (9) such that /(a) = /(Br^(a)) for all a E A, where 
Br^ denotes the projection of A onto A parallel to A-^. Since t is a 
symmetrizing form for A, there exists a E A such that t{a) = f, i.e., 
t{ax) = f{x) for all x E A. Consequently, ii x E A, we have 

t(Brj(a)x) = t{ax) = f{x) = f{x) 

and thus t(Br^(a)) = /. Hence, t is surjective. 

2. Let 5 be a sub-A-module-A of A such that A = A®B and B C Kert. 
Let b E B. For all a E A, we have bet E B C Kert and thus t{ba) = 0. 
Hence B C A^. Since the restriction of t to A is a symmetrizing form 
for A, we also have A = AQ) A-^. Now let a E A^. Since A = A® B, 
there exist a E A and b E B such that a = a + 6. Since 6 G A"*-, we 
must have a = b E B and therefore, -B = A-^. ■ 
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Example 2.3.2 In the case where O = Z and A = Z[G] (G a finite group), let 
A := Z[(5] be the algebra of a subgroup G of G. Then the niorphisni Br^ is the 
projection given by 

9^9, ^i 9 ^ G; 



Definition 2.3.3 Let A be a symmetric O-algebra with symmetrizing form 
t. Let A he a suhalgehra of A. We say that A is a symmetric subalgebra of 
A , if it satisfies the following two conditions: 

1. A is free (of finite rank) as an O-module and the restriction Res^(t) of 
the form t to A is a symmetrizing form on A, 

2. A is free (of finite rank) as an A-module for the action of left multipli- 
cation by the elements of A. 



From now on, let us suppose that A is a symmetric subalgebra of A and 
set t := Res^(t). We denote by 

Ind^ :^ mod ^^ mod and Res^ :a mod — i^^ mod 

the functors defined as usual by 

Ind^ := A ®^ — where A is viewed as an A-module- A 

and 

Res^ := A ®a — where A is viewed as an A-module- A. 

Since A is free as A-module and as module-A, the functors Res^ and Ind^ 
are adjoint from both sides. 

Moreover, let i^ be a finite Galois extension of the field of fractions of O 
such that the algebras KA and KA are both split semisimple. 

We denote by (— , —)ka the scalar product on the ii'- vector space of trace 
functions for which the family (x)xeirr(_ft:A) is orthonormal and (— , —)ka the 
scalar product on the i^-vector space of trace functions for which the family 
ix)x&rr{KA) IS orthouormal. 

Since the functors Res^ and Ind^ are adjoint from both sides, we obtain 
the Frobenius reciprocity formula: 

{xMdli{x))KA = (Res^j(x),x)xA- 
For every element x ^ Irr(i^A), let 

Res^j(x) = Yl ^x,xX (where m^^^ G N). 

X€lrr{KA) 
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Frobenius reciprocity implies that, for all x ^ Irr(i^A), 

X&-i:i:{KA) 

The following property is immediate. 

Lemma 2.3.4 For x ^ Irr(i^A) and x ^ Irr(i^A), let e(x) o-nd e(x) ^e 
respectively the block-idempotents of KA and KA associated with x o,''^d x- 
The following conditions are equivalent: 

(i) m^^^ ^ 0, 

(ii) e(x)e(x) ^ 0. 

For all X ^ Irr(ii'A), we set 

\ii{KA, x) ■■= {X e Irr(i^A) | m^,^ ^ 0}, 

and for all x ^ Itt{KA), 

Itt{KA, x) ■■= {X e Itt{KA) I m^,^ ^ 0}. 

We denote respectively by s^ and s^^ the Schur elements of x and x ( with 
respect to the symmetrizing forms t for A and t for A). 

Lemma 2.3.5 For all x ^ Irr(i^A) we have 



x,x 



^ X&rr{KA,x) ^ 



Proof: It derives from the relations 



t= Y. V^^t= E ^_X,i=Resi{t). 



s s - 

xelrr{KA) ^ x&^^iKA) ^ 



In the next chapters, we will work on the Hecke algebras of complex 
reflection groups, which, under certain assumptions, are symmetric. Some- 
times the Hecke algebra of a group W appears as a symmetric subalgebra 
of the Hecke algebra of another group W, which contains W. Since we will 
be mostly interested in the determination of the blocks of these algebras, it 
would be helpful, if we could obtain the blocks of the former from the blocks 

42 



of the latter. This is possible with the use of a generalization of some classical 
results, known as "Clifford theory" (see, for example, [TSj), to the twisted 
symmetric algebras of finite groups and more precisely of finite cyclic groups. 
For the application of these results to the Hecke algebras, the reader may 
refer to the Appendix. 

Definition 2.3.6 We say that a symmetric O-algebra {A,t) is the twisted 
sym,metric algebra of a finite group G over the subalgebra A, if the following 
conditions are satisfied: 

• A is a symmetric subalgebra of A, 

• There exists a family {Ag \ g G G} of O-submodules of A such that 

(a) A = 0^gG^9' 

(b) AgAh = Agh for all g,heG, 

(c) A, = A, 

(d) tiAg) = OforallgEG,g^l, 

(e) AgHA^ 7^ for all g e G (where A^ is the set of units of A). 

If that is the case, then proposition 12.3.11 implies that 

(37 A = ^ ■ 

geG-{l} 

Lemma 2.3.7 Let ag G Ag such that ag is a unit in A. Then 

Proof: Since ag G Ag, property (b) implies that a'g^ G Ag-i. If a G Ag, 
then a~^^a E Ai = A. We have a = agQg^^a G agA and thus Ag C agA. 
Property (b) implies the inverse inclusion. In the same way, we show that 

From now on, let {A, t) be the twisted symmetric algebra of a finite group 
G over the subalgebra A. Due to property (e) and the lemma above, for all 
g E G, there exist ag E Ag n A^ such that Ag = agA = Aag. 

Proposition 2.3.8 Let (ej)jg/ be a basis of A over O and {e'j)i^i its dual 
with respect to the symmetrizing form i. We fix a system of representatives 
Rep(yl/A) := {ag \ g G G}. Then the families 

are two O-bases of A dual to each other. 
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Action of G on ZA 

Lemma 2.3.9 Let a G ZA and g E G. There exists a unique element g{a) 
of A satisfying 

g{a)Q = ga for all g G Ag. (j) 

If Og G A^ such that Ag = OgA, then 

g{a) = OgOag'^. 

Proof: Set g{a) := agdag~^. Then, for all g G Ag, we have a^^^g G A 
and g{a)Q = agOOg^^g = agOg'^gd = ga. Now, let y be another element of 
A such that yg = ga for all g E Ag. Then yOg = Ogd and hence y = g{a). 
Therefore, g{d) is the unique element of A which satisfies (f). ■ 

Proposition 2.3.10 The map d i-^ g{d) defines an action of G as ring 
automorphism of ZA. 

Proof: Let a G ZA, g G G and ag G A^ such that Ag = UgA. We will 
show that g{d) G ZA. If x G A, then xag G Ag and we have 

xg{d)ag = xagd = g{d)xag. 

Multiplying both sides by a^,"^, we obtain that 

xg{d) = g{d)x 

and hence, g{d) G ZA. 

Since the identity 1 of A lies in Ai, we have Ig(^) = ci. If gi, g2 G G, then 
equation (f) gives 

9i{g2{a))ag^ag2 = ag^g2{d)ag^ = ag^ag^d. 

Due to property (b) of the definition 12.3.61 the product Og^ag^ generates the 
submodule Ag^g^. Therefore, gi{g2{d))u = ud for all u G Ag-^^g^. By lemma 
12.3.91 we obtain that {gig2){d) = gi{g2{d)). 

Finally, let us fix (7 G G. By definition, the map d ^-^ g{d) is an additive 
automorphism of ZA. If ai, 02 G ZA, then 

gaioa = g{d2)gdi = g{di)g{d2)g for all g G Ag. 

By lemma [2.3.91 we obtain that 5'(aia2) = g{di)g{d2). I 
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Now let 6 be a block(-idenipotent) of A. li g E G, then g{b) is also a 
block of A. So we must have either g{b) = b or g(b) orthogonal to b. Set 

Tr(G,6):= J^ ^ib), 

geG/Gj, 

where Gi := {g E G \ g{b) = b} . It is clear that 

• 6 is a central idempotent of ©gg^- Ag =: Aq-, 

• Tr(G, 6) is a central idempotent of A. 

From now on, let b := Tr(G, b) and g G Ag. We have 

Qb = Iq, a g e Gi; 



^S^ ^ 0, iig^G-,, 

bgb = bg and bgb = gb. 
Proposition 2.3.11 The applications 

bAb (». I lAb -^ Ab 
bttgob ® ba'agib i-^ agoba'agi 

bAb ®Ab bAb -^ Aq-J) 



and 



baagb ® bag/a'b i-^ < ^ ^ ^ 



baagttg'tt'b, if gg' G Gj,; 
0, if not. 

aagb 1-^ aagb b ( where g G Gg), 

define isomorphisms inverse to each other 

bAb ®A^ I bAb ^ Ab and bAb ®Ab bAb <^ Ag-J). 

Therefore, bAb and bAb are Morita equivalent. In particular, the functors 

Ind;^ = {bAb ®Aa-b -) (^^d b ■ Res;^ = (bAb ig)Ab -) 
define category equivalences inverse to each other between ^^ ^mod and 

AfeHlod. 
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Multiplication of an 74-niodule by an OG-modu\e 

Let X be an A-module and p : A ^ Endo{X) be the structural morphism. 
We define an additive functor 

X ■ — -.OG mod ^A mod, Y \-^ X -Y 

as follows: 

If Y is an OG-module and a : OG -^ Endo{Y) is the structural mor- 
phism, we denote hj X -Y the (9-module X ®c) Y. The action of A on the 
latter is given by the morphism 

p ■ a : A ^' Endo{X (g) Y), dag \-^ piaag) ® o-{g). 

Proposition 2.3.12 Let X be an A-module. The application 

A®aX ^X-OG 

defined by 

ttg (8>A X ^— s> p{ag){x) ®o 9 (for all x E X and g E G) 

is an isomorphism of A-modules 

Ind^(X)^X • OG. 

Induction and restriction of A'yl- modules and i^74-niodules 

Let X be a Ji' A-module of character x and Y a iC'G-module of character ^. 
We denote hj X' ^ the character of the KA-module X ■ Y. From now on, all 
group algebras over K will be considered split semisimple. 

Proposition 2.3.13 Let x be an irreducible character of KA which restricts 
to an irreducible character x of KA. Then 

1. The characters {X'C)^&-er(KG) o-rc distinct irreducible characters of KA. 

2. We have 

ielr:r:{KG) 
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Proof: The second relation results from proposition I2.3.12[ Frobenius 
reciprocity now gives 

(Ind^j(x),Ind^:^(x))xA = (Res^i(E«eirr(i.G)e(l)x-0,x)i.A 

= (Z)5eIrr(XG) ^(1) X,X)kA 

hence from the relation in part 2 we obtain 

\G\= J2 e(l)^'(l)(x-e,X-e'W 

Since \G\ = Egeirr(i^G) ^(1)^ ^^ "^^^^ have (x ■ ^, X ■ Oka = 5^,^' and the 
proof is complete. ■ 

For all X ^ lrY{KA), we denote by e{x) the block of KA associated with 
X- We have seen that ii g E G, then g{e{x)) is also a block of i^A. Since 
KA is split semisimple, it must be associated with an irreducible character 
g{x) of KA. Thus, we can define an action of G on Irr(i^y4) such that for 
all g E G, e{g{x)) = g{(^{x))- We denote by G^ the stabilizer of x in G. 

Proposition 2.3.14 Let x ^ Irr(i^A) and suppose that there exists x ^ 
1yy{KAg^) such that Res^^ ^(x) = x- ^^ set 

X := Indf ^^_ (x) and x^ ■= Indf :^^_ (x ■ for all ^ E Itt{KG^). 

Then 

1. The characters {xi}i&rr{KG-) are distinct irreducible characters of KA. 

2. We have 

i&vv(KG^) 

In particular, 



m 



XC'X 



e(l) andx5(l) = |G:Gx|x(l)e(l). 



3. For all ^ G Irr(i^G'^), we have 

\G 



sx, ^(i^x- 



Proof: 

47 



1. By proposition 12.3.13^ we obtain that the characters (x ■ OieirriKG^) 
are distinct irreducible characters of Itt{KAg-)- Now let e{x) be the 
block of KA associated with the irreducible character x- We have 
seen that e(x) is a central idempotent of KAq^ ■ Proposition 12.3.111 
implies that the functor Ind^^ defines a Morita equivalence between 
the category KAc-e{x)^^od and its image. Therefore, the characters 

(Ind^y^^ (x ■ O)^eirr(KG^) are distinct irreducible characters of KA. 

2. By proposition 12.3.131 we obtain that 

Applying Ind^^^ to both sides gives us the required relation. Obvi- 
ously, m^^,^ = ^(1). 

Now let us calculate the value of x^(<^) ioT any a E A. Let Y be an irre- 
ducible i^74G--module of character ^p.Th.en Ind^^^ (Y) = KAi^kAg-^ 

has character Ind^^^ (■?/'). We have KA = ®„(zg/g- o^gKA. Let a E A. 
Then 

«Indfl(F) = ®g^a/G^<^(^9KA®KAa^y 



®geG/G^ S(«s_ ^aag)KA ®kAg^ Y 
®9&G/G^ «<y^^ ®kAg^ {ag-^aag)Y. 



Thus, Indf;^^_(V^)(a) = E^eG/Gx ^(^9 ^^S) ^nd 

gdG/G^ g^GIG^ 



Therefore, 



Xc(l)= E x(l)e(l) = |G:G,|x(l)e(l). 

geG/Gx 



3. Let (ej)jg/ be a basis of A as O-module and let (e^)jg/ be its dual 
with respect to the symmetrizing form t. Proposition 12.2.12( 3). in 
combination with proposition 12.3.81 gives 

i&I,geG iel 
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However, ^jgj ^^q e[agag ^Cj belongs to to center of A (by lemma [^^ 
and thus, for all h E G, 

ah~^(^e[agag'^ei)ah = ^e'^agag'^Ci = \G\^e[ei. 
iei iei iei 

Since ^jg/C^ej G A, by part 2, 

= \G■.G^\\G\al)x{E^eI^^^^) 

= \G:G^\'\GMl)s^x{ir. 
So we have 

Replacing xd^) = \G : Gj^|x(l)^(l) gives 

5X5^(1) = \Gx\sx- 



Now let f2 be the orbit of the character x ^ Irr(i^A) under the action of 
G. We have \n\ = \G\/\G^\. Define 

geG/G^ g&G/G^ 

If X £ ^) the set Irr(i^y4, x) depends only on Cl and we set Irr(fCy4, Cl) := 
Itt{KA,x). The idempotent 6(0) belongs to the algebra (ZKA)^ of the 
elements in the center of KA fixed by G and thus to the center of KA (since 
it commutes with all elements of A and all a^, g E G). Therefore, it must be 
a sum of blocks of KA, i.e., 

m = E <x). 

xeiriiKA,n) 



Let X be an irreducible i^A-module of character x and X an irreducible 

KA, 



fCA-submodule of Res^^(X) of character x- ^oi g E G, the i^A-submodule 
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g{X) of Res^^(X) has character g{x)- Then ^g^zc 9i-^) is a i^A-submodule 
of X. We deduce that 

i.e., 

R^es^i(x) =m^,x' Yl six)- 
geG/G^ 

In particular, we see that lTr{KA,x) is an orbit of G on 1tt[KA). Notice 
that x(l) ="^x,x'l^lx(l)- 

Case where G is cyclic 

Let G be a cychc group of order d and let f? be a generator of G (we can choose 
Rep{A/A) = {1, ag, ag'^, . . . , a^"'"^}). We will show that the assumptions of 
proposition 12.3.141 are satisfied for all irreducible characters of KA. 

Let X be an irreducible i^A-module and let p : KA —>■ Endii-(X) be the 
structural morphism. Since the representation of X is invariant by the action 
of G^, there exists an automorphism a of the /T- vector space X such that 

ap{a)a~'^ = g{p){a), 

for all g E G^. 

The subgroup G^ is also cyclic. Let d{x) '■= \G^\. Then 

p(a) = a'^^^^ p{d)a-'^^^\ 

Since X is irreducible and KA is split semisimple, a'^^^^ must be a scalar. 
Instead of enlarging the field K, we can assume that K contains a d{x)-th 
root of that scalar. By dividing a by that root, we reduce to the case where 
a'^(^) = 1. 

This allows us to extend the structural morphism p : KA — > Endx(-^) 
to a morphism 

p : KAg^ -. End^(X) 

such that 

pidai) := p{d)a^ for < j < rf(x), 

where /i := g'^/'^^^^ generates G^. The morphism p defines a i^ylG--module 
X of character %. 

Since the group G is abelian, the set Irr(ii'G) forms a group, which we 
denote by G^. The application ip \—>- ip ■ C,, where ip G Iyy{KA) and ^ G G^, 
defines an action of G^ on Irr(ii'A). 
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Let Q be the orbit of x under the action of {G^Y . By proposition 
12.3. 13^ we obtain that fi is a regular orbit {i.e., \Q\ = \Gy^\) and that 

n = lTT{KAG^,X)- 

Like in proposition 12.3.1^ we introduce the notations 

X := Indf:to,(x) and x^ ■= ^^d^t^ix ■ for all ^ e (G^)^. 
Then 
lTTiKA,x) = {Xd^ e {G^y} and m^^,^ = ^(1) = 1 for all ^ G (G^)^ 

Recall that (i(x) = \Gy-\. There exists a surjective morphism G ^* G^ 
defined hj g ^-^ gd-l'^i.x) _^ which induces an inclusion {G^^^ ^^ G"^ . If ^ € 
{G^^ , we denote (abusing notation) by ^ its image in G"^ by the above 
injection. It is easy to check that X? = X ' ^• 

Hence we have proved the following result 

Proposition 2.3.15 If the group G is cyclic, there exists a bijection 

lTr{KA)/G <^ Itt{KA)/G'' 

such that 

m = e(fi), \m\ = \G\ and | ^^ ^ ^' ^''IP] = ^^^^ "" 

Moreover, for all x ^ ^ O'^d % G H, we have 

Blocks of A and blocks of A 

Let us denote by Bl(y4) the set of blocks of A and by Bl(74) the set of blocks 
of A. For h G B1(A), we have set 

Tr(G,6):= Y. 9ib). 

The algebra {ZA)^ is contained in both ZA and ZA and the set of its 
blocks is 

B\{{ZAf) = {Tr(G, h)\he B\{A)/G}. 

Moreover, Tr(G, h) is a sum of blocks of A and we define the subset Bl(y4, h) 
of Bl(y4) as follows 

Tr(G,6):= Y. ^- 

beBl(A,fe) 
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Lemma 2.3.16 Let b be a block of A and B := \ii{KAb). Then 

1. For all X ^ B, we have G^ C Gg. 

2. We have 

Tr(G,6)= J2 Tr(G,e(x))= Y. ^(^)- 

Proof: 

1. li g ^ Gi, then b and g{b) are orthogonal. 

2. Note that b = Y.x&b ^ix) = Y^xeB/G-, TrlGg, e(x)). Thus 

Tr(Gj)= ^ Tr(G,e(x))= $^ e(n), 
xeS/G {n\nnBj^(!)} 

by the definition of e(0). ■ 

Now let G^ := Hom(G', /C^). We suppose that K = F. The multiplica- 
tion of the characters of KA by the characters of KG defines an action of 
the group G^ on Irr(i^74). This action is induced by the operation of G^ on 
the algebra A, which is defined in the following way: 

^ ■ (aag) := ^{g)aag for all ^ G G^, a E A,g E G. 

In particular, G^ acts on the set of blocks of A. Let 6 be a block of A. Denote 
by ^ ■ 6 the product of ^ and b and by (G^);, the stabilizer of b in G^. We set 

Tr(G\6):= Y. ^^■ 

CeGV/(GV)6 

The set of blocks of the algebra {ZA)'^ is given by 

B1((ZA)^') = {Tr(G^, b)\bE B1(A)/G^}. 
The following lemma is the analogue of lemma 12.3.161 
Lemma 2.3.17 Let b be a block of A and B := \ii{KAb). Then 



1. For all xe B, we have {G"^)^ C (G 



b- 
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2. We have 

Tr(G\6)= Y. Tr(G^e(x))= Y. <^^- 
x<^B/G^ {n\nnB^il)} 

Case where G is cyclic 

For every orbit y of G^ on Bl(y4), we denote by b{y) the block of (ZA)^ 
defined as 

h{y):=Yh. 

bey 

For every orbit 3^ of G on B1(A), we denote by b{y) the block of {ZA)'~' 
defined as 

Hy)--=Y.b- 

bey 

The following proposition results from proposition 12.3.151 and lemmas 
12.3. l(il and [2XT71 

Proposition 2.3.18 If the group G is cyclic, there exists a bijection 

B\{A)/G <^ B1(A)/G^ 

y ^ y 

such that 

Hy) = biy), 

i.e., 

Tr(G, b) = Tr(G^, b) for allbey and bey. 

In particular, the algebras (ZA)'^ and iZAf' have the same blocks. 

Corollary 2.3.19 If the blocks of A are stable by the action of G"^ , then the 
blocks of A coincide with the blocks of [ZAf^ . 

2.4 Representation theory of symmetric al- 
gebras 

For the last part of Chapter 2, except for the subsection "A variation for 
Tits' deformation theorem", the author follows f20], Chapter 7. 
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Grothendieck groups 

Let O be an integral domain and K a field containing O. Let A be an 
O-algebra free and finitely generated as O-module. 

Let Ro{KA) be the Grothendieck group of finite-dimensional fi'A-modules. 
Thus, Rq{KA) is generated by expressions [V], one for each fi'A-module V 
(up to isomorphism), with relations [V] = [V] + [V] for each exact sequence 
-* V ^ V ^ V" ^ oi KA-modn\es. Two KA-modn\es V, V give 
rise to the same element in Rq{KA)^ if V and V have the same composi- 
tion factors, counting multiplicities. It follows that Ro{KA) is free abelian 
with basis given by the isomorphism classes of simple modules. Finally, let 
Rq{KA) be the subset of Ro{KA) consisting of elements [V], where l^ is a 
finite-dimensional i^A-module. 

Definition 2.4.1 Let x he an indeterminate over K and Maps(A, i^[a;]) the 
K -algebra of maps from A to K[x\ (with pointwise multiplication of maps 
as algebra multiplication). If V is a KA-module, let py : KA -^ End7^(K) 
denote its structural morphism. We define the map 

Pk: RoiKA) -^ Md.ps{A,K[x]) 

[V] ^-^ (a H-> characteristic polynomial of py{a)). 

Considering Maps(A, -ft'[a;]) as a semigroup with respect to multiplication, the 
map pK is a semigroup homomorphism. 

Let lrr{KA) be the set of all characters xv, where l^ is a simple KA- 
module. 

Lemma 2.4.2 (Brauer-Nesbitt) Assume thatlrr{KA) is a linearly indepen- 
dent set ofB.om.K{KA,K). Then the map px is injective. 

Proof: Let V,V' be two KA-modu\es such that pif([V^]) = Pk{[V']). 
Since [V], [V] only depend on the composition factors of V,V', we may 
assume that V, V are semisimple modules. Let 

n n 

V = ^aiVi£indV' = ^biVi, 

i=l 1=1 

where the Vi are pairwise non-isomorphic simple i^A-modules and Oj, 6j > 
for all i. We have to show that aj = bi for all i. 

If, for some i, we have both Oj > and bi > 0, then we can write 
V = Vi (BV and V = Vi Q) V' . Since px is a semigroup homomorphism, we 
obtain 

Px(N) ■ PKm) = pkHv]) = pkHv']) = PKim) ■ pkHv']), 
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and, dividing by pi<:([Vi]), we conclude that p_ft:([V"]) = px([V^']). Thus, we 
can suppose that, for all i, we have Oj = or 6j = 0. Taking characters yields 
that 

Xv = X^ o-iXv, and xv = X] ^^^v,- 

i i 

For each a G A, we have that the character values Xv(a-) and Xv'{0') appear 
as coefficients in the polynomials pi^([l^])(a) and pi^([y])(a) respectively. 
Hence, we have that J2ii^i ~ h)XVi = 0. By assumption, the characters XVi 
are linearly independent. So we must have (oj — 6i)lx for all i. Since for all 
i, Qi = or bi = 0, this means that ailx = and bilx = for all i. If the 
field K has characteristic 0, we conclude that Oj = 6, = for all i and we are 
done. If K has characteristic p > 0, we conclude that p divides all Oj and 
all hi and so -[V] and -[V] exist in Rq{KA). Consequently, we also have 
pK(i[y]) = Pk{-[V']). Repeating the above argument for -[V] and -[V] 
yields that the multiplicity of Vi in each of these modules is still divisible 
by p. If we repeat this again and again, we deduce that Oj and hi should be 
divisible by arbitrary powers of p. This forces Oj = 6j = for all i, as desired. 



Remark:The assumption of the Brauer-Nesbitt lemma is satisfied when (but 
not only when): 

• KA is split. 

• i^ is a perfect field. 

The following lemma implies the compatibility of the map px with the 
field extensions of K ([20], Lemma 7.3.4). 

Lemma 2.4.3 Let K C K' be a field extension. Then there is a canonical 
map d^ : Ro{KA) -^ Ro{K'A) given by [V] i— > [V ®k K']. Furthermore, we 
have a commutative diagram 

Rt{KA) — ^ Maps (A, K[x]) 



■,K' 






Rt{K'A) ^^'Maps(A, K'\x\) 

where r^ is the canonical embedding. If, moreover, KA is split, then d^ is 
an isomorphism which preserves isomorphism classes of simple modules. 
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Integrality 

We have seen in Chapter 1 that a subring TZ C K is a valuation ring if, for 
each non-zero element x & K, we have x G 7^ or x~^ G TZ. Consequently, K 
is the field of fractions of TZ. 

Such a valuation ring is a local ring whose maximal ideal we will denote 
by J {TV). Valuation rings have interesting properties, some of which are: 

(VI) If J is a prime ideal of (9, then there exists a valuation ring TZ <Z K 
such that O C 7^ and J(7^) nO = I. 

(V2) Every finitely generated torsion-free module over a valuation ring in 
K is free. 

(V3) The intersection of all valuation rings TZ '^ K with O ^ TZ is the 
integral closure of O in K; each valuation ring itself is integrally closed 
in K (Proposition OmD- 

Lemma 2.4.4 Let V be a K A-module. Choosing a K-basis ofV, we obtain a 
corresponding matrix representation p : KA — > Mn{K), where n = dimii'(l^). 
If TZ O K is a valuation ring with O (^ TZ, then a basis of V can be chosen 
so that p{a) G M„(7?.) for all a E A. In that case, we say that V is realized 
over 7Z . 

Proof: Let {vi, . . . , v^) be a /('-basis of V and B an O-basis for A. Let V 
be the O-submodule of V spanned by the finite set {vib \l<i<n,bEB}. 
Then V is invariant under the action of TZA and hence a finitely generated 
T^A-module. Since it is contained in a ii'-vector space, it is also torsion-free. 
So (V2) implies that V is an T^A-lattice (a finitely generated 7?.A-module 
which is free as 7?.-module) such that V ®7^ K c:^ V. Thus any 7^-basis of V 
is also a i^-basis of V with the required property. ■ 

Remark: Note that the above argument only requires that 7^ is a subring 
of K such that K is the field of fractions of TZ and TZ satisfies (V2). These 
conditions also hold, for example, when 7^ is a principal ideal domain with 
K as field of fractions. 

The following two important results derive from the above lemma. 

Proposition 2.4.5 Let V be a K A-module and Ok be the integral closure 
of O in K. Then we have px([V^])(a) G Ok[x\ for all a (z A. Thus the map 
pK of definition \2.4-l\ is in fact a map Rq{KA) — » Maps(A, (9;^[x]). 
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Proof: Fix a G A. Let 7^ C i^ be a valuation ring with O C TZ. By 
lemma 12.4.4^ there exists a basis of V such that the action of a on ^ with 
respect to that basis is given by a matrix with coefficients in TZ. Therefore, 
we have that px([l^])(a) G 7l[x]. Since this holds for all valuation rings TZ in 
K containing O, property (V3) implies that pi^([y])(a) G Oxia^]- • 

Note that, in particular, proposition 12.4.51 implies that Xv{ci) ^ C^k for 
all a G v4, where xv is the character of the representation pv- 

Proposition 2.4.6 (Integrality of the Schur elements) Assume that we have 
a symmetrizing form, t on A. Let V be a split simple KA-module (i.e., 
EndxA(V") ~ K) and let sy he its Schur element with respect to the induced 
form t^ on KA. Then sy G Ok- 

Proof: Let 7^ C i^ be a valuation ring with (9 C 7^. By lemma 12.4.41 
we can assume that V affords a representation p : KA — > M„(i^) such that 
p(a) G M„(7^) for all a & A. Let B be an (9-basis of A and let B' be its dual 
with respect to t. Then sy = Ylib^B P^^)ij P^^') ji ^°^ ^^^ 1 < ^, j < ''^ (EH]) Cor. 
7.2.2). All terms in the sum lie in TZ and so sy G TZ. Since this holds for all 
valuation rings 7Z m. K containing C, property (V3) implies that sy G Ok- 



The decomposition map 

Now, we moreover assume that the ring O is integrally closed in K. Through- 
out we will fix a ring homomorphism 9 : O ^ L into a field L such that L is 
the field of fractions of 0{O). We call such a ring homomorphism a special- 
ization of O. 

Let TZ C K he a valuation ring with O CTZ and J(JZ) DO = Ker^ (note 
that Ker6' is a prime ideal, since 0{O) is contained in a field). Let k be the 
residue field of TZ. Then the restriction of the canonical map tt : TZ -^ k to 
O has kernel J{TZ) r\0 = Ker^. Since L is the field of fractions of 0{O), we 
may regard L as a subfield of k. Thus, we have a commutative diagram 

O Q TZ Q K 



L Q k 

From now on, we make the following assumption: 

Assumption 2.4.7 (a) LA is split or (b) L = k and k is perfect. 
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The map 6 : O —>■ L induces a map A -^ LA, a \-^ a® 1. One consequence 
of the assumption 12.4.71 is that, due to lemma !?. 4. 3 j the map d'l : Ro{LA) — > 
Ro{kA) is an isomorphism which preserves isomorphism classes of simple 
modules. Thus we can identify Ro{LA) and Ro{kA). Moreover, the Brauer- 
Nesbitt lemma holds for LA, i.e., the map pi : Rq{LA) -^ Maps(A, L[x]) is 
injective. 

Let V^ be a i^A-module and TZ (^ K he a. valuation ring with O ^ TZ. 
By lemma 12.4.41 there exists a /C-basis of V such that the corresponding 
matrix representation p : KA -^ Mn{K) {n = dimx(^)) has the property 
that p{a) G M„,(7?.). Then that basis generates an 7?.y4-lattice V such that 
V^TzK = V. The A;- vector space V^-jik is a kA-m.odu\e via (t>(8)l)(a® 1) = 
va ® l{v & V , a & A) , which we call the modular reduction of V. 

The matrix representation p^ : kA —>■ M„(/c) afforded by kV is given by 

p'^{a I) = (n(aij)) where a E A and p{a) = (aij). 

To simplify notation, we shall write 

KV ■.= V®nK and kV := V ®n k. 

Note that if V' is another 7?.y4-lattice such that V' ®ti K c::^ V, then V and 
V' need not be isomorphic. The same hold for the A; A- modules V 07^ k and 

V' ®n k. 

Theorem-Definition 2.4.8 Let 6 : O —>■ L be a ring homomorphism into a 
field L such that L is the field of fractions of 6{0) and O is integrally closed 
in K . Assume that we have chosen a valuation ring TZ with O 'OTZ (1 K and 
J{TZ) n O = Ker6' and that the assumption \2.4-T\ is satisfied. Then 



(a) The modular reduction induces an additive map dg : Rq{KA) —>■ Rq{LA) 
such that dgdKV]) = [kV], where V is an TZA-lattice and [kV] is re- 
garded as an element of Rq{LA) via the identification of Ro{kA) and 
RoiLA). 



(b) By Proposition \2.4-5l the image of px is contained in Ma.ps{A,0[x]) 



and we have the following commutative diagram 



ph 



Rt{KA) —^ Maps(A, 0[x\) 



de 



re 



Rt{LA) — ^ Maps(v4, L[x\) 
where rg : Maps(74, (9[a;]) -^ Maps(y4, L[x]) is the map induced by 6. 
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(c) The map de is uniquely determined by the commutativity of the above 
diagram. In particular, the map dg depends only on and not on the 
choice oflZ. 

The map dg will be called the decomposition map associated with the special- 
ization 6 : O ^ L. The matrix of that map with respect to the bases of 
Rq{KA) and Ro{LA) consisting of the classes of the simple modules is called 
the decomposition matrix with respect to 9. 

Proof: Let V be an T^A-lattice and a E A. Let {rriij) G M„(7^) be the 
matrix describing the action of a on V^ with respect to a chosen 7?--basis of 
V . Due to the properties of modular reduction, the action of a ® 1 G kA on 
kV is given by the matrix {nijnij)). Then, by definition, pL([fcV^])(a) is the 
characteristic polynomial of (7r(mjj)). On the other hand, applying 6 (which 
is the restriction of vr to O) to the coefficients of the characteristic polynomial 
of {rriij) returns (reop^)([i^\/])(a). Since the two actions just described com- 
mute, the two polynomials obtained are equal. Thus the following relation 
is established: 

^L{\kV]) = Teo Pk{[KV]) for all 7^A-lattices V (f) 

Now let us prove (a). We have to show that the map dg is well defined 
i.e., if V,V' are two 7?.A-lattices such that KV and KV have the same 
composition factors (counting multiplicities), then the classes of kV and kV 
in Rq{LA) are the same. Moreover, for all a & A, the endomorphisms Pj^yi^) 
and p^yiia) are conjugate. So the equality (f) implies that 

PL{[kV]){a) = pL{[kV']){a) for all a e A. 

We have already remarked that, since the assumption 12.4.71 is satisfied, the 
Brauer-Nesbitt lemma holds for LA. So we conclude [kV] = [kV], as desired. 

Having established the existence of dg, we have [kV] = dg{[KV]) for any 
T^A-lattice V. Hence (f) yields the commutativity of the diagram in (b). 

Finally, by the Brauer-Nesbitt lemma, the map pL is injective. Hence 
there exists at most one map which makes the diagram in (b) commutative. 
This proves (c). ■ 

Remark: Note that if (9 is a discrete valuation ring and L its residue field, 
we do not need the assumption 12.4.71 in order to define a decomposition map 
from Rq{KA) to Rq{LA) associated with the canonical map 6 : O -^ L. For 
a given K A-module V, there exists an A-lattice V such that V = V ®o K. 
The map dg : Roi^^) ^ Ro{LA), [KV] ^ [V/LV] is well and uniquely 
defined. For the details of this construction, see p^, §16C. 
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Recall from proposition I2.4.5] that if l^ is a KA-modnle, then its character 
Xv restricts to a trace function xv '■ ^ ^ C^- Now, any linear map X : A —* O 
induces an L-linear map 

X^ -.LA^L^a®!^ e{X{a)){a G A). 

It is clear that if A is a trace function, so is A^. Applying this to xv shows 
that Xv i^ ^ trace function on LA. Since character values occur as coefficients 
in characteristic polynomials, theorem 12.4.81 implies that Xv ^^ ^^^ character 
of (i0([V"]). Moreover, for any simple ii'yl-module V, we have 

^v = ^dvv'Xv, 
v 

where the sum is over all simple LA-modules V (up to isomorphism) and 
D = {dyv') is the decomposition matrix associated with 9. 

The following result gives a criterion for de to be trivial. For its proof, 
the reader may refer, for example, to [20], Thm. 7.4.6. 



Theorem 2.4.9 (Tits' deformation theorem) Assume that KA and LA are 
split. If LA is semisimple, then KA is also semisimple and the decomposition 
map dg is an isomorphism which preserves isomorphism classes of simple 
modules. In particular, the map Itt{KA) -^ Irr(Ly4),x \-^ x^ is a bijection . 

Finally, if A is symmetric, we can check whether the assumption of Tits' 
deformation theorem is satisfied, using the following theorem (cf. [2n], Thm. 

7.4.7). 

Theorem 2.4.10 (Semisimplicity criterion) Assume that KA and LA are 
split and that A is symmetric with symmetrizing form t. For any simple 
K A-module V , let sy & O be the Schur element with respect to the induced 
symmetrizing form t^ on KA. Then LA is semisimple if and only if 9{sv) 7^ 
for all V. 

Corollary 2.4.11 Let K be the field of fractions of O. Assume that KA is 
split semisimple and that A is symmetric with symmetrizing form t. If the 
map 6 is injective, then LA is split semisimple. 

A variation for Tits' deformation theorem 

Let us suppose that O is a. KruU ring and 6 : O ^ L is a ring homomorphism 
like above. We will give a criterion for LA to be split semisimple. 
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Theorem 2.4.12 Let K he the field of fractions of O. Assume that KA 
is split semisimple and that A is symmetric with symmetrizing form t. For 
any simple K A-module V , let sy & O he the Schur element with respect to 
the induced symmetrizing form t^ on KA. If KerO is a prime ideal of O of 
height 1, then LA is split semisimple if and only if 6{sv) 7^ for all V . 

Proof: If LA is split semisimple, then theorem l2.4.10l implies that 6{sv) 7^ 
for all V. Now let us denote by Itt{KA) the set of irreducible characters of 
KA. If X is the character afforded by a simple KA-m.odu\e V^, then s^ := sy^. 
We set q := Ker6' and suppose that s^ ^ q for all x ^ Itt{KA). Since KA is 
split semisimple, it is isomorphic to a product of matrix algebras over K: 

KA^ J] End;,(\/J 

X&ttiKA) 

Let us denote by vr^^ : KA -^ Endi^(V^) the projection onto the x-factor, 
such that vr := riyeirrrii'yi) ^x ^^ ^^^ above isomorphism. Then x = try^ o vr^, 
where try^ denotes the standard trace on Endi<'(V^). 

Let B, B' be two dual bases of A with respect to the symmetrizing form 
t. By lemma [2. 2. 7[ for all a e KA and x ^ Itt{KA), we have 

X^a = ^X{b'a)b. 

Applying it to both sides yields 

nix''Ma) = J2xib'a)nib). 

beB 

By definition of the Schur element, vr(x^) = 7r^(x^) = uj^{x'^) = s^. Thus, if 
a G Endi^(V^), then 

^-\c.) = -J2^ry^Mb'h)b- (t) 
^^ bee 

Since O is a. Krull ring and q is a prime ideal of height 1 of O, the ring 
(9q is, by theorem 11.2.231 a discrete valuation ring. Thanks to lemma 12.4.41 
there exists an CqA-lattice V^ such that K ^o^ V-^ ~ Vy^. 

Moreover, 1/s^ G O^ for all x ^ Itt{KA). Due to the relation (f), the 
map 71 induces an isomorphism 

O.Ac:. H Enda,(V^^), 

xelTT{KA) 
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i.e., OqA is the product of matrix algebras over O^. Since Ker6' = q, the 
above isomorphism remains after applying 6. Therefore, we obtain that LA 
is a product of matrix algebras over L and thus split semisimple. ■ 

If that is the case, then the assumption of Tits' deformation theorem is 
satisfied and there exists a bijection lrT{KA) ^^ Itt{LA). 

Symmetric algebras over discrete valuation rings 

From now on, we assume that the following conditions are satisfied: 

• (9 is a discrete valuation ring in K and K is perfect; let v : K ^ ZU{oo} 
be the corresponding valuation. 

• KA is split semisimple. 

• 6 : O ^ L is the canonical map onto the residue field L oi O. 

• A is a symmetric algebra with symmetrizing form t. 

We have already seen that we have a well-defined decomposition map 
de : Rq{KA) -^ Rq{LA). The decomposition matrix associated with dg is 
the |Irr(i^A)| x |Irr(LA)| matrix D = (c?^^) with non-negative integer entries 
such that 

deiK])= E ^^xAK] for X e Irr(i^A), 

0eIrr(LA) 

where V^ is a simple Ji'A-module with character x cind V^ is a simple LA- 
module with character 0. We sometimes call the characters oi KA "ordinary" 
and the characters of LA "modular" . We say that G Itt{LA) is a modular 
constituent of x £ Irr(i^y4), if d^ip ^ 0. 

The rows of D describe the decomposition of rf6»([V^x]) i^ ^^^ standard 
basis of Ro{LA). An interpretation of the columns is given by the following 
result (cf. [20], Thm. 7.5.2), which is part of Brauer's classical theory of 
modular representations. 

Theorem 2.4.13 (Brauer reciprocity) For each (p G Irr(Ly4), there exists 
some primitive idempotent e^ E A such that 

[e^KA]= Yl d^^[V^]eR^{KA). 

xelTT{KA) 



62 



Let (f) G Irr(Ly4). Consider the map ^"(0) • ZKA — > K defined by 



X&rr{KA) ^ 



^X' 



where uj^ : Zii'A ^> fi' is the central morphism associated with x ^ Irr(i^A), 
as defined at the end of section 2.1. 

Theorem 2.4.14 The map ip{(f)) restricts to a map ZA —* O. In particular, 

V.(0)(l)= V ^eO. 



X€lrT{KA) 



S 



X 



Proof: Let us denote by t^ the induced symmetrizing form on KA. If 
e^ is an idempotent as in theorem l2.4.13[ then we can define a i^-hnear map 
A^ : ZKA -^ K, z \-^ t^{ze^). We claim that A^ = '?/'(0). Since KA is split 
semisimple, the elements {x^ \x ^ Irr(i^y4)} form a basis of ZKA. It is, 
therefore, sufficient to show that 

Ux"") = ^(0)(X'') for all X e Itt{KA). 
We have '?/'(0)(x^) = d^^l^- Now consider the left-hand side. 

>'<pix^) = t^ix^e^) = X(e</,) = dimKiV^e^)lK 

= dimi^(Homi^(e0i^A, V^)1k = cL^^Ik- 

Hence the above claim is established. 

Finally, it remains to observe that since e^ G A, the function A^ takes 
values in O on all elements of A. ■ 

Finally, we will treat the block distribution of characters. For this pur- 
pose, we introduce the following notions. 

Definition 2.4.15 

1. The Brauer graph associated with A has vertices labeled by the irre- 
ducible characters of KA and an edge joining x, x' ^ Itt{KA) if x ¥" x' 
and there exists some G Irr(Lyl) such that d^^ ^ ^ '^x'0- ^ ^^^" 
nected component of a Brauer graph is called a block . 

2. Let X ^ Irr(i^A). Recall that ^ s^ & O. Let 6^ := v{s^), where v 
is the given valuation. Then 6^ is called the defect of x <^''^d we have 
^x — ^ /^'^ ^^^ X ^ Itt{KA). If B is a block, then 6b '■= max{(5^ | x £ B} 
is called the defect of B . 
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By [IE], 17.9, each block B oi A corresponds to a central primitive idem- 
potent (block-idempotent, by definition I2.1.1I) e^ oi A. If x G -B and e^ is 
its corresponding central primitive idempotent in KA, then cbc^ ^ 0. 

Every x ^ 1tt{KA) determines a central morphism u^ : ZKA — > K. 
Since O is integrally closed, we have ujy^{z) G O for all z G ZA. We have the 
following standard results relating blocks with central morphisms. 

Proposition 2.4.16 Let %, %' G Irr(i^A). Then x (ind x' belong to the same 
block of A if and only if 

9{uj^{z)) = e{uj^'{z)) for all z G ZA. 

i.e., 

LJ^{z) = uj^/{z) mod J(C) for all z G ZA. 

Proof: First assume that x? x' belong to the same block of A, i.e., they 
belong to a connected component of the Brauer graph. It is sufficient to 
consider the case where x^x' ^-i'^ directly linked on the Brauer graph, i.e., 
there exists some G Itt{LA) such that d^(f, 7^ 7^ d^'tp. Let V^ be an 
A-lattice such that KV^ affords x- Lst z G ZA. Then z 1 acts by the 
scalar 9{u!^{z)) on every modular constituent of kV^. Similarly, z ® 1 acts 
by the scalar 9{u^'{z)) on every modular constituent of kV^/, where V^' is an 
A-lattice such that KV^/ affords x'- Since, by assumption, KV^ and KV^.' 
have a modular constituent in common, we have 9{uj^{z)) = 9{uj^'{z)), as 
desired. 

Now assume that x belongs to the block B and x' to the block B', with 
B 7^ B'. Let cb, gb' be the corresponding central primitive idempotents. 
Then ujy^{eB) = 1 and uj^i{eB) = 0. Consequently, 9{ujy^{eB)) 7^ 9{uj^i{eB)).^ 



Theorem 2.4.17 (Blocks of defect 0) Let x e lii{KA) with 9{s^) ^ 0. 
Then x is an isolated vertex in the Brauer graph and the corresponding de- 
composition matrix is just (1). 

Proof: Let t^ be the induced symmetrizing form on KA and t^ the 
isomorphism from KA to }ioinK{KA, K) induced by t^ . The irreducible 
character x ^ Itt{KA) is a trace function on KA and thus we can define 
X^ := (t^)^Hx) ^ ^^- Since x restricts to a trace function A — ;> O, we have 
in fact x"^ ^ ZA. By definition, we have that u^^x"^) = s^ and u^/^x"^) = 
for any x' ^ Irr(i^A),x' 7^ x- Now assume that there exists some character 
x' which is linked to x i^^ the Brauer graph. Proposition 12.4.161 implies that 
^ 9{s^) = 9{uj^{x'^)) = 9{iu^,{x'^)) = 0, which is absurd. 
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It remains to show that (ie([V^]) is the class of a simple module in R^{LA). 
By lemma [2.4.41 there exists a basis of V^ and a corresponding representation 
p : KA -^ Mn{K) afforded by V^ such that p{a) G M„(C) for all a e A. Let 
B be an C-basis of A and let B' be its dual with respect to t. We have seen 
in proposition 12.4.61 that Sy^ = YlbeB P^^)^jP^^')ji ^^^^ ^^^ ^ ^ "^^J < n. All 
terms in this relation lie in O. So we can apply the map 9 and obtain a 
similar relation for 6{s^) with respect to the module LV^^, where V^ C V"^ is 
the y4-lattice spanned by the above basis of V^. Since 0{s-^ ^ 0, the module 
LV-^ is simple ([20], Lemma 7.2.3). ■ 

The following result is an immediate consequence of theorems 12.4.141 and 
[2XT71 

Proposition 2.4.18 Let x ^ \ii{KA). Then x is a block by itself if and 
only ife{s^) ^ 0. 
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Chapter 3 

On Essential algebras 



In this chapter we introduce the notion of "essential algebras". These are 
symmetric algebras defined over a Laurent polynomial ring, whose Schur 
elements are polynomials of a specific form (described by definition I3.1.2I) . 
This form gives rise to the definition of the "essential monomials" for the 
algebra. As we have seen in the previous chapter, the Schur elements play an 
important role in the determination of the blocks of a symmetric algebra. In 
the following sections, we'll see how the form of the Schur elements affects the 
behavior of the blocks of an essential algebra when specialized via different 
types of morphisms (a morphism associated with a monomial in 3.2, an 
adapted morphism in 3.3, the morphism /" defined in 3.4). In particular, in 
the first two cases, we show that the blocks depend on the essential monomials 
for the algebra. 

In the next chapter, we'll see that the generic Hecke algebras of complex 
refiection groups are, in fact, essential algebras. 

3.1 Generalities 

Let i? be a Noetherian integrally closed domain with field of fractions K. Let 
X = (xi)o<j<m be a set of m + 1 indeterminates over R. We set A := i?[x, x~-^] 
the Laurent polynomial ring in these indeterminates. The ring A is also a 
Noetherian integrally closed domain and thus a KruU ring, by proposition 
11.2.251 Let H be an A-algebra such that 

• H is free and finitely generated as an A-module. 

• There exists a linear form t : H ^ A which is symmetrizing for H. 

• The algebra K{x.)H is split semisimple 
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Due to proposition \2.'2.l'2\ we have 
Proposition 3.1.1 

1. The symmetrizing form t is of the form 



E h 



X&vv{K(K)H) ^ 

where s^ denotes the Schur element of x with respect to t. 

2. For all x ^ Itt{K{-x)H), the block-idempotent of K{x.)H associated 
with x%se^ = x^/sx- 

Definition 3.1.2 We say that the algebra H is essential if, for each irre- 
ducible character x ^ Irr{K(x.)H), the Schur element s^ associated with x 
is an element of A of the form 



Sx 



ex^x n ^xAMx.r^^" 



where 

• ^^ is an element of R, 

• N^ is a monomial in A of degree 0, 

• I^ is an index set, 

• {'i/^^i)i<zi^ is a family of monic polynomials in one variable x, of degree 
at least 1, which are irreducible over K, prime to x andx — 1 and whose 
constant term is a unit in R, 



(M^_j)jg/ is a family of monomials in A of degree and if M^^i 
U.T=o^T' thengcd{ai) = 1, 



• (n^^i)i^i^ is a family of positive integers. 

Thanks to proposition 11.5.51 the factorization of the definition 13.1.21 is 
unique in i^[x, x^^]. However, this does not mean that the monomials M^_j 
appearing in it are unique. Let 



^xAMx,) = u^xAM: 



XJ/5 



where i,j G I^, 'if^^i,'if^j are two i^-irreducible polynomials and M^^i,M^j 
are two monomials in A with the properties described in 13. 1.21 and m is a unit 
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in i^[x, x^^]. Let ysj be a morphism associated with the monomial M^ j (see 
definition I1.4.3P from A to a Laurent polynomial ring in m indeterminates. 
If we apply ipi to the above equality, we obtain 

Since \E'-^^j(l) G R and ipi sends M^j to a monomial, we deduce that ipi{M-^j) = 
1. By proposition 11.4.6( 2) and the fact that M^j satisfies the conditions de- 
scribed in definition I3.1.2[ we must have 

M^, = M^. 

Hence, the monomials M^ j appearing in the factorization of the Schur ele- 
ments are unique up to inversion. 

If M^j = M^,i, then ^^^ = ^^^^ and m = 1. If M^j = M-j, then 

deg(\E'^j) = deg(\Ef;^,i) and u is of the form c~jM^^^ ^'' , where c^^j is the 
constant term of "^xJ- Therefore, the coefficient ^^ is unique up to multipli- 
cation by a unit of R. 

Now let p be a prime ideal of R. If "^^A^xa) ^^ ^ factor of s^ and 
\E'x.i(l) G p, then the monomial M^^i is called p-essential for x iii ^- Due to 
proposition 11.4.6( 1). we have 

^;,,i(l) G p ^ "^xAMx^i) e qi, (t) 

where q^ := {M^a — 1)^4 + pA. Recall that q^ is a prime ideal of A (lemma 
11.4.51) . Due to the primeness of q^, the following proposition is an immediate 
consequence of (f). 

Proposition 3.1.3 Let M := YYiL^x"^^ be a monomial in A with gcd(ai) = 1 
and qM '■= {M — 1)A + pA. Then M is p-essential for x in A if and only if 
s^lix ^ ^M, where C,^ denotes the coefficient of s^ in \3.1.B. 

3.2 Blocks of essential algebras specialized via 
morphisms associated with monomials 

From now on, we assume that the algebra H is essential. Let M := YYILq x"' 
be a monomial in A such that a, G Z and gcd(aj) = 1. Let y = {yj)i<j<m be 
a set of m indeterminates over R. We set S := R[yf^, ■ ■ ■ , y^^] and consider 
ifM '■ A ^ B an i?-algebra morphism associated with M. Let us denote by 
H^j^ the algebra obtained by H via the specialization ipM- The algebra H^j^^ 
has also a symmetrizing form defined as the specialization of t via ipM- 
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Proposition 3.2.1 The algebra -ft'(y)if(^J^^ is split semisimple. 

Proof: By assumption, the algebra K{x.)H is split semisimple. The ring 
A is a Krull ring and KenfM = {M — 1)A is a prime ideal of height 1 of A. 
Due to the form of the Schur elements of H, given in definition I3.1.2[ the 
fact that the morphism (fM sends every monomial in A to a monomial in B 
implies that ipM{s^) ^ for all x ^ Irr(_ft'(x)i7). Thus we can apply theorem 
12.4.121 and obtain that the algebra K{y)H^pj^j is split semisimple. ■ 

By "Tits'deformation theorem", the map (^m induces a bijection between 
the set of irreducible characters of the algebra K{x.)H and the set of irre- 
ducible characters of the algebra K{y)H^^. The Schur elements of the latter 
are the specializations of the Schur elements of K{x)H via ipM and thus of 
the form described in 13.1.21 

From now on, whenever we refer to irreducible characters, we mean irre- 
ducible characters of the algebra K(x.)H. Due to the bijection induced by 
"Tits'deformation theorem", it makes sense to compare the blocks of H and 
H^j^,^ (in terms of partitions of 1tt{K{x^)H)) over suitable rings. 

Let p be a prime ideal of R and q^/ := (M — 1)^4 + pA. 

Theorem 3.2.2 The blocks of BpsH^pj^^ coincide with the blocks of Ac^j^^H. 

Proof: Let us denote by Um the kernel of ipM, i-G., nM '■= {M — 1)A. 
By proposition 11.4.6( 1). we have that A^j^^/riM^qM — ^pB- Therefore, it 
is enough to show that the canonical surjection A^^^jH -^ {Ac^j^JximA^j^)!! 
induces a block bijection between these two algebras. 

From now on, the symbol ^ will stand for q^-adic completion. It is 
immediate that, via the canonical surjection, a block of A^j^^H is a sum of 
blocks of (Aqj^^/riAf Aqj^Jif. Now let e be a block of (Aqj^^/riM^qM)-^- -^y 
theorem 11.3.31 all Noetherian local rings are contained in their completions. 
Thus e can be written as a sum of blocks of (Aq^^/nM^qM)-^^- ^^^ ^^ corollary 
11.3.51 the last algebra is isomorphic to {Aqj^j/nMA(^j^^)H, which is in turn 
isomorphic to the quotient algebra Aqj^^i^/riA/Aq^-f/^. By the theorems of 
lifting idempotents (see [12], Thm.3.2) and the following lemma, e is lifted 
to a sum of central primitive idempotents in A^j^jH. However, by the fact 
that K{x)H is split semisimple, we have that the blocks of A^^^H belong to 
K{x.)H. But K{x) n iq^, = Aq„ (theorem OinD and A^^^H f] Z{A^^^H) C 
Z{Aa^^jH). Therefore, e is lifted to a sum of blocks in A^^^H and this provides 
the block bijection. 
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Lemma 3.2.3 Let O be a Noetherian ring and q a prime ideal of O. Let A 
he an O^-algebra free and of finite rank as a Oq-module. Let p be a prime 
ideal of O such that p C q and e an idempotent of A whose image e in 
(Cq/pq)A := Cq/pCq ®o^ ^ is Central. Then e is central. 

Proof: We set P := Oq/pq. Since e is central, we have 

ePA{l - e) = (1 - e)PAe = {0}, 

i.e., 

eA{l - e) C pCqA and (1 - e)Ae C pO^A. 

Since e and (1 — e) are idempotents, we get 

eA{l - e) C pCqeA(l - e) and (1 - e)Ae C pO^{l - e)Ae. 

However, pCq C qO^, the latter being the maximal ideal of (9q. By Nakayama's 
lemma, 

eA{l-e) = {l-e)Ae = {0}. 

Thus, from 

A = cAe © eA{l - e) © (1 - e)Ae © (1 - e)A{l - e) 

we deduce that 

A = cAe® (1 -e)A{l - e) 

and consequently, e is central. ■ 



Remark: Since qM = qAZ-i, proposition 13.2.21 implies that the blocks of 
BpsH^^j coincide with the blocks of BpsH^^^-^ . 

Proposition 3.2.4 // two irreducible characters x ^'^^ ^ o,i"^ ii^ the same 
block of ApAH, then they are in the same block of Ai^j^^H. 

Proof: Let C be a block of Aq^-f/^. Then Xl^ec^x ^ ^m^^ ^ A^aH. 
Thus C is a union of blocks of A^aH ■ B 



Corollary 3.2.5 If two irreducible characters x and if) are in the same block 
of A^aH , then they are in the same block of BpsHipj^j. 
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The corollary above implies that the size of p-blocks grows larger as the 
number of indeterminates becomes smaller. However, we will now see that 
the size of blocks remains the same, if our specialization is not associated 
with a p-essential monomial. 

Proposition 3.2.6 Let C be a block of Ap^H. If M is not a p-essential 
monomial for any x ^ C, then C is a block of A^j^^H (and thus of B^bH^j^j). 

Proof: Using the notations of definition I3.1.2[ we have that, for all 

X G C, Sy^/^^ ^ c\m- Since C is a block of Ap^H, we have 

If B, B' are two A-bases of H dual to each other, then x^ = J2beB xiP)V and 
the above relation implies that 

xec *^ 
Set fb := Y.x£cix{b) / ^x) ^ ^M- Then /^ is of the form n/{^s), where 
^ := riygc^x ^ -^ ^^*^ ^ '■~ riyec ^xl^x ^ ^- Since c\m is a prime ideal of 
A, the element s, by assumption, doesn't belong to c[m- We also have that 
Tf,/^ e ApA- By corollary II. 2. 17[ there exists ^' G -R — p such that r;,/^ = r^,/^' 
for some r[, G A. Since qjv/ H i? = p (corollary 11.4. 7p . the element ^' doesn't 
belong to the ideal (\m either. Therefore, /^ = t^/(^'s) G Aqj^^,V6 G i3 and 
hence, Xlyec^x ^ ^ha/-^- Thus C is a union of blocks of Aq^^//. Since 
the blocks of A^^f^jH are unions of blocks of ApAH, by proposition 13.2.41 we 
eventually obtain that C is a block of Aq^^if . ■ 

Corollary 3.2.7 If M is not a p-essential monomial for any x ^ Ity{K{x.)H), 
then the blocks of A^j^^H coincide with the blocks of ApAH. 

Of course all the above results hold for B in the place of A, if we further 
specialize B (and H^j^^) via a morphism associated with a monomial in B. 

3.3 Blocks of essential algebras specialized via 
adapted morphisms 

NowletrG{l,...,m + l}and7^:=(^[^-•••'^-']' f^ ^ < ^ < "^^ 

in, tor r = m + 1, 

where y := {yj)r<j<m is a set of m — r + 1 indeterminates over R. We shall 

recall some definitions given in Chapter 1. 
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Definition 3.3.1 An R-algebra morphism ip : A —>■ TZ is called adapted, if 
{p = {prO Lpr-1 o . . . o (^1, wkere ipi is a morphism associated with a monomial 
for all i = 1, . . . , r. The family T := {^r-, V^r-i, • • • , V^i} ^s called an adapted 
family for ip whose initial morphism is y^i- 

Let (y9 : A ^ 7^ be an adapted morphism and let us denote by H^p the 
algebra obtained as the specialization of H via (p. Applying Proposition 
13.2.11 r times, we obtain that the algebra K{y)H^p is split semisimple. By 
"Tits'deformation theorem", the morphism ip induces a bijection from the 
set Irr(i^(x)if ) to the set Irr(i^(y)if<^) of irreducible characters of K{y)H^. 
Therefore, whenever we refer to irreducible characters, we mean irreducible 
characters of the algebra K{x)H. 

We shall repeat here proposition II .4. iTl proved in Chapter 1. Recall that 
if M := nZ^o-^j' ^^ ^ monomial such that gcd(6j) = rf G Z, then M° := 

nm hi Id 
i=0 -^i 

Proposition 3.3.2 Let ip : A ^ TZ be an adapted morphism and M a mono- 
mial in A such that ip{M) = 1. Then there exists an adapted family for ip 
whose initial morphism is associated with M° . 

Proposition 3.3.3 Let ip : A ^f TZ he an adapted morphism and H^p the 
algebra obtained as the specialization of H via ip. If M is a monomial in A 
such that ip{M) = 1 and qM° '■= {M° — I) A + pA, then the blocks ofTZp-jzH^ 
are unions of blocks of Aq^^^H. 

Proof: Let M be a monomial in A such that ip{M) = 1. Due to propo- 
sition I3.3.2[ there exists an adapted family for ip whose initial morphism ipi 
is associated with M°. Let us denote by B the image of ipi and by H^^ the 
algebra obtained as the specialization of H via ipi. Due to theorem 13.2.21 
the blocks of BpsH^^ coincide with the blocks of At^^^^H. Now, by corollary 
13.2.51 if two irreducible characters belong to the same p-block of an essential 
algebra, then they belong to the same p-block of its specialization via a mor- 
phism associated with a monomial. Inductively, we obtain that the blocks of 
TZpTiH^ are unions of blocks of B^bH^^ and thus of A^^^^H. ■ 

We will now state and prove our main result concerning the p-blocks 
of essential algebras. Let us recall the factorization of the Schur element 
s^ associated with the irreducible character x in 13.1.21 We have defined a 
monomial M := YYiLo^T "with gcd(aj) = 1 to be p-essential for x, if s^ has a 
factor of the form \1/(M), where \l/ is a monic /i'-irreducible polynomial such 
that ^(1) G p \ {0}. We have seen (proposition 13.1. 31 ) that M is p-essential 
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for X if aiid only if s^/C,x ^ (\m- A monomial of that form is called generally 
p- essential for if , if it is p-essential for some irreducible character x of H. 
We can easily find all p-essential monomials for H by looking at the unique 
factorization of its Schur elements in /^[x, x~^]. 

Let ip : A ^ TZ he an adapted morphism and H^ the algebra obtained as 
the specialization oi H via ip. Let Mi, . . . , M^ be all the p-essential monomials 
for H such that 0(M,) = 1 for all j = 1, . . . , k. We have M° = Mj for all 
j = 1, . . . , fc. Set qo := pA, q^ := pA + {Mj - 1)A for j = 1, . . . , fc and 

Q ■= {qo,qi,- ••,qfe}- 

Now let q G Q. If two irreducible characters x? V" belong to the same 
block of A^H, we write x ~q ^• 

Theorem 3.3.4 Two irreducible characters x-,'4' ^ Iyt{K{x.)H) are in the 
same block ofTZp-nH^ if and only if there exist a finite sequence Xo, Xi; • • • ) Xn £ 
Itt{K(x.)H) and a finite sequence q^^, . . . , q^^ G Q such that 

• Xo = X and Xn = ^, 

• for alii {l<i<n), Xi-i ~q,. Xi- 

Proof: Let us denote by ~ the equivalence relation on Irr(i^(x)if) de- 
fined as the closure of the relation "there exists q G Q such that x ~q ^" • 
Therefore, we have to show that x ^-nd ip are in the same block of TZp-jiH^p if 
and only if x ~ t/). 

If X ~ ^; then proposition 13.3.31 implies that x ^^^ ^ ^^^e in the same 
block of TZpTiH^. Now let C be an equivalence class of ~. We have that C is 
a union of blocks of A^^H, Vq G Q and thus 

y^- e A,H,Wq e Q. 

If B, B' are two dual bases of H with respect to the symmetrizing form t, 
then 6'^ = J2bet3^(^)^' ^^^ hence 



J^^^G Aq,VqG Q,ybeB. 
eec ^^ 

Let us recall the form of the Schur element se in 13.1.21 Set C,c '■= Yleec^d 
and sc '■= Yleeci^s/^e)- Then, for all h E B, there exists an element rc,b G A 
such that 

y^ 0{h) _ rc,b 
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The element sc G A is product of terms (monic i^-irreducible polynomi- 
als taking values on monomials) which are irreducible in i^[x, x~^], due to 
proposition 11.5.51 We also have sc ^ p^- 

Fix b & B. The ring ii'[x, x~^] is a unique factorization domain and thus 
the quotient rc,b/sc can be written uniquely in the form r/as where 

• r,s E A, 

• a E R, 

• s\sc in A, 

• gcd(r, s) = 1 in i^[x, x^^] 
and for ^ := aC,c "we have 

P^ = feA„yqeQ. 
tcsc ^s 

Thus, for all q G Q, there exist rq,Sq G A with Sq ^ q such that 

r Tq 



^s s 



q 



Since (r, s) = 1, we obtain that s|sq in i^[x, x^^]. However, s\sc in A 
and thus s is a product of monic i^- irreducible polynomials taking values on 
monomials. Consequently, at least one of the coefficients of s is a unit in A. 
Corollary 11.2. 191 implies that s|sq in A. Therefore, s ^ q for all q G Q. 

Moreover, we have that r/^ G A^^ = Ap^. By corollary 11.2. 171 there exist 
r' E A and ^' G i? — p such that r/^ = r'/^'. Then 

f = ^GAq,VqGQ. 

Now let us suppose that ip{C,'s) = ^''^{s) belongs to pTZ. Since ^' ^ p, we 
must have ip{s) G pTZ. However, the morphism (p always sends monomial to 
monomial. Since s ^ pA and s\sc, s must have a factor of the form \E^(M), 
where 

• M = ni^o -^r -^^ ^ monomial in A such that gcd(aj) = 1 and f{M) = 1, 

• \E' is a monic fC-irreducible polynomial such that ^E'(l) G p \ {0}. 
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1^ -^mTa ^ ^p^^^- 



Thus s e qAf := (M - 1)A + pA. Since '^{M)\sc, M is a p-essential mono- 
mial for some irreducible character 6 E C, i.e., M G {Mi,...,Mfc}. This 
contradicts the fact that s ^ q for all q G Q. Therefore, <f{^'s) ^ pT?.. 
So we have 

and this holds for all b E B. Consequently, 

V 

Thus C is a union of blocks of TZp-jiH^. ■ 

Remark: We can obtain corollary 13.2.71 as an application of the above theo- 
rem for Q = {qo}- 

To summarize: Theorem 13.3.41 allows us to calculate the blocks oiTZp-nH^ 
for all adapted morphisms (p : A ^ TZ, ii we know the blocks of Ap^H and 
the blocks of A^j^^H for all p-essential monomials M. Thus the study of the 
blocks of the algebra if in a finite number of cases suffices to calculate the 
p-blocks of all essential algebras obtained via such specializations. 

3.4 The map r 

Let n be an integer, n ^ 0. Define I"' : A ^ A' := R[yo^, yf^, ■ ■ ■ , y^^] to be 
the i?-algebra morphism Xi hh> y"^. Obviously, J" is injective. Therefore, if we 
denote by H' the algebra obtained as the specialization of H via /"■, corollary 
I2.4.11l implies that the algebra K{yo, yi, . . . , ym)H' is split semisimple. Again, 
by "Tits'deformation theorem", the morphism J" induces a bijection from 
the set Ity{K(x.)H) to the set lTY{K{yQ,yi, . . . ,ym)H'). 

Lemma 3.4.1 The blocks of A'^,H' coincide with the blocks of Ap^^H. 

Proof: Since the map I^ is injective, we can consider A as a subring of 
A' via the identification Xi = y^ for alH = 0,1, ... ,m. By corollary I1.L31 
we obtain that Apj^ is contained in A'j^, and hence, the blocks of Ap^H are 
unions of blocks of A'^,H'. 

Now let C be a block of A' j^,H'. Since the field of fractions of A is a 
splitting field for H (and thus for H'), we obtain that 

Y,e^^iA'^A'r^Ki^))H'. 
xec 
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If Ap^, n -ftr(x) = ApA, then C is also a union of blocks of ApAH and we 
obtain the desired result. 

In order to prove that A'^^, fl K(x.) = ApA, it suffices to show that: 

(a) The ring ApA is integrally closed. 

(b) The ring A'^^, is integral over ApA- 

Since the ring A is integrally closed, part (a) is immediate by corollary 
11.2.81 For part (b), we have that A' is integral over A, since y" — Xi = 0, 
for alH = 0, 1, . . . , -m. Moreover, A' is integrally closed and thus the integral 
closure of A in K{yo, yi, . . . , y^). The only prime ideal of A' lying over pA 
is pA'. Following corollary 11.2.111 we obtain that the integral closure of ApA 
in K{yo, yi, ■ ■ ■ , ym) is A'^a'- Thus, A'^a' is integral over ApA- ■ 

We can consider J" as an endomorphism of A and denote it by /^. If A; 
is another integer, k j^ 0, then J^ o J^ = J^ o J^ = J^"-. If now (f : A —^ TZ 
is an adapted morphism, we can easily check that (p o I^ = I^o ip. Abusing 
notation, we write 99 o /" = /" o y?. 

Corollary 3.4.2 Let ip : A —>■ TZ be an adapted morphism and H^ the algebra 
obtained as the specialization of H via ip. Let (p : A -^ TZ be an R-algebra 
morphism such that /" o yj = J^ o for some a, (3 E "Z — {0}. // H^ is the 
algebra obtained as the specialization of H via (p, then the blocks of TZp-jzH^ 
coincide with the blocks ofTZp-jiH^p and we can use theorem 3.3.4 to calculate 
them. 
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Chapter 4 

On Hecke algebras 



In the first section of tliis cliapter we give tlie definition of a "complex reflec- 
tion group" . All complex reflection groups have been classified by Shephard 
and Todd in [30]. We define the "pure braid group" and the "braid group" as- 
sociated to a complex reflection group. In section 4.2, we define the "generic 
Hecke algebra" of a complex reflection group as a quotient of the group alge- 
bra of the braid group over a Laurent polynomial ring by some ideal. Under 
certain assumptions (14.2.21) . the generic Hecke algebra is a symmetric alge- 
bra. We prove (theorem I4.2.5P that the generic Hecke algebra is an essential 
algebra. Therefore, all the results on the blocks of essential algebras hold 
for generic Hecke algebras. The "cyclotomic Hecke algebras" (section 4.3) 
are algebras obtained as specializations of the generic Hecke algebra via "cy- 
clotomic specializations" (see definition I4.3.ip . Theorem 14.3.31 shows that 
a cyclotomic specialization is essentially an adapted morphism. Therefore, 
when, in section 4.4, we study the "Rouquier blocks" of a cyclotomic Hecke 
algebra, i.e., its blocks over the "Rouquier ring" (definition 14.4. II) . we obtain 
that they depend on the essential monomials for the generic Hecke algebra, 
or equivalently, on the "essential hyperplanes" for the group. Finally, we 
give some other important facts about the Rouquier blocks which will allow 
us to calculate the Rouquier blocks of the cyclotomic Hecke algebras of the 
exceptional complex reflection groups in Chapter 5. 

4.1 Complex reflection groups and associated 
braid groups 

Let Hoo be the group of all the roots of unity in C and K a number field 
contained in Q(/ioo)- We denote by fJ.{K) the group of all the roots of unity 
of K. For every integer d > 1, we set Q := exp{27ii/d) and denote by fid 
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the group of all the d-th roots of unity. Let V he a /('-vector space of finite 
dimension r. 

Definition 4.1.1 A pseudo-reflection ci/GL(\^) is a non-trivial elements of 
GL(y) which acts trivially on a hyperplane, called the reflecting hyperplane 
of s. 

IfW is a finite subgroup o/GL(V) generated hy pseudo-reflections, then 
(V, W) is called a K -reflection group of rank r. 

We have the following classification of complex reflection groups, also 
known as "Shephard-Todd classification" . For more details about the classi- 
fication, one may refer to [ID]. 

Theorem 4.1.2 Let {V,W) be an irreducible complex reflection group (i.e., 
W acts irreducibly on V). Then one of the following assertions is true: 

• There exist non-zero integers d,e,r such that iy,W) ~ G{de,e,r), 
where G{de, e, r) is the group of all monomial rxr matrices with entries 
in yUrfe and product of all non-zero entries in ^d- 

• {V, W) is isomorphic to one of the 34 exceptional groups Gn {n = 
4,. ..,37). 

The following theorem has been proved (using a case by case analysis) 
by Benard [2] and Bessis [1] and generalizes a well known result for Weyl 
groups. 

Theorem-Definition 4.1.3 Let {V,W) be a reflection group. Let K be the 
field generated by the traces on V of all the elements of W . Then all irre- 
ducible KW -representations are absolutely irreducible i.e., K is a splitting 
field for W . The field K is called the field of definition of the group W . 

• If i^ C M, then IV is a (finite) Coxeter group. 

• If K = Q, then W is n. Weyl group. 

For the following definitions and results about braid groups we follow [13] . 

Let X be a topological space. Given a point Xq G X, we denote by 
ni(X, xo) the fundamental group with base point Xq. 

Let V^ be a i^-vector space as before. Let W he a. finite subgroup of 
GL(V^) generated by pseudo-refiections and acting irreducibly on V. We 
denote by A the set of its refiecting hyperplanes. We define the regular variety 
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\/reg .= c V _ J^^^ C^H. For Xq G V^^S, we define P := UiiV^^^, Xq) 
the pure braid group (at xq) associated with W. If now p : V^^^ -^ V^^^/W 
denotes the canonical surjection, we define B := Ili{V^^^ /W, p{xo)) the braid 
group (at xq) associated with W. 

The projection p induces a surjective map B ^^ W, a h^ a as follows: Let 
a : [0, 1] — > \/^^S be a path in \/^^S such that a{0) = Xq, which lifts a. Then 
a is defined by the equality o"(xo) = cr(l). Note that the map a i— > a is an 
anti-morphism. 

Denoting by W°^ the group opposite to W, we have the following short 
exact sequence 

1^ P^ B ^ W"P -^ 1, 

where the map B -^ W^°p is defined by a i-^ a. 

Now, for every hyperplane if G ^, we set en the order of the group Wh, 
where Wh is the subgroup of W formed by 1 and all the reflections fixing the 
hyperplane H. The group Wh is cyclic: if sh denotes an element of Wh with 
determinant (h '■= Ceni then Wh =< sh > and sh is called a distinguished 
reflection in W . 

Let Lh '■= Im(s — idy). Then, for all a; G V^, we have x = prj|^(a;)+pr^ (x) 
with prfj{x) G H and pr^^(a;) G Lh- Thus, Sh{x) = pTfj{x) + (HP^L„i^)- 

If t G M, we set Ch •= exp{27iit/eH) and we denote by s\j the element of 
GL(y) (a pseudo- reflection if t 7^ 0) defined by 

4 (a;) := PTh{x) + Cl^pri^(a;). 

For a; G l^, we denote by crH,x the path in V from x to 5^(2;) defined by 

aH,x: [0,1]^V^, t^4(x). 

Let 7 be a path in V^^^ with initial point xq and terminal point xh- Then 
7~^ is the path in V°s with initial point Xh and terminal point xq such that 

j-\t) =7(l-t) for alltG [0,1]. 

Thus, we can define the path sni'y^^) '■ t 1-^ sni'y^^it)), which goes from 
sh{xh) to sh{xo) and lies also in V'^s, since for all x G V^^^, sh{x) G V'^^ (If 
sh{x) ^ V'^s^ then sh{x) must belong to a hyperplane H'. If sj// is a distin- 
guished pseudo-reflection with reflecting hyperplane H', then s_ff'(sii/(x)) = 
sh{x) and Siif~^(sii//(s//(x))) = x. However, sh~^sh'Sh is a reflection and x 
belongs to its reflecting hyperplane, s]j^{H'). This contradicts the fact that 
x belongs to V'^'^^.). Now we define a path from xq to sh{xo) as follows: 

(Jh,-i ■= sh(7""^(^)) ■ crH,XH ■ 7 
79 



If xh is chosen "close to H and far from the other reflecting hyperplanes" , 
the path aH,'y lies in V^'^^ and its homotopy class doesn't depend on the choice 
of Xh- The element it induces in the braid group B, SH,'y, is a distinguished 
braid reflection around the image of H in V^^^/W. 

Proposition 4.1.4 

1. The braid group B is generated by the distinguished braid reflections 
around the images of the hyperplanes H & A in V^'^^/W . 

2. The image of SH^-y in W is Sh- 

3. Whenever 7' is a path in V^^^ from Xq to Xh, if t denotes the loop in 
V^^^ defined by r := '~f'^'^'~f, then 

<^H,Y = SH{r) ■ (Th,^ ■ T^ 

and in particular SH,'y and SH,-y are conjugate in P. 

4- The path YYjZe -i'^Hs^ (y)> ^ ^^^P ^'^ V"'''^^, induces the element s^ 
in the braid group B and belongs to the pure braid group P. It is a 
distinguished braid reflection around H in P . 

Definition 4.1.5 Let s be a distinguished pseudo-reflection in W with re- 
flecting hyperplane H . An s- distinguished braid reflection or monodromy gen- 
erator is a distinguished braid reflection s around the image of H in V^^^/W 
such that s = s. 

Definition 4.1.6 Let xq G V^'^^ as before. We denote by n the element of P 
defined by the loop 1 1-^ a;oexp(27r?t). 

Lemma 4.1.7 We have ttG ZP . 

Theorem-Definition 4.1.8 Given C G A/W, there is a unique length func- 
tion Ic : B ^> Ij defined as follows: if b = s"^ ■ s^^ ■ ■ ■ s^ where (for all j) 
Hj G Z and Sj is a distinguished braid reflection around an element ofCj, 
then 

{i|c,=c} 
Thus, the length function I : B ^ Z is defined, for all h E B, as 

ceA/w 



80 



We say that B has an Artin-like presentation ([36j, 5.2), if it has a pre- 
sentation of the form 

< s G S I {vj = Wijie/ >, 

where S is a finite set of distinguished braid reflections and / is a finite set 
of relations which are multi-homogeneous, i.e., such that for all i, Vj and Wj 
are positive words in elements of S (and hence, for each C G A/W, we have 
ki^i) = ^c(wi)). 

The following result by Bessis ([3], Thm.0.1) shows that any braid group 
has an Artin-like presentation. 

Theorem 4.1.9 Let W be a complex reflection group with associated braid 
group B. Then there exists a subset S = {si, . . . , s„} of B such that 

1. The elements Si, . . . , s^^ are distinguished braid reflection and therefore, 
their images si, . . . , s„ inW are distinguished reflections. 

2. The set S generates B and therefore, S := {si, . . . , s^} generates W . 

3. There exists a set TZ of relations of the form wi = W2, where wi and 
W2 are positive words of equal length in the elements of S, such that 
< S \TZ > is a presentation of B. 

4. Viewing now TZ as a set of relations in S, the group W is presented by 

<5|7^;(VsG5)(s"^ = 1) > 
where e^ denotes the order of s in W. 

4.2 Generic Hecke algebras 

Let K, V, W, A, P, B be defined as in the previous section. For every orbit C 
of W on A, we set cc the common order of the subgroups Wh, where H is 
any element of C and Wh the subgroup formed by 1 and all the reflections 
fixing the hyperplane H. 

We choose a set of indeterminates u = {ucj) {ceA/w){o<j<ec-i) and we 
denote by Z,[u, u^^] the Laurent polynomial ring in all the indeterminates u. 
We define the generic Hecke algebra H oiW to be the quotient of the group 
algebra Z[u, u~^]B by the ideal generated by the elements of the form 

(S - Mc,o)(s - Uc,l) . . . (S - Uc,ec-l), 

where C runs over the set A/W and s runs over the set of monodromy 
generators around the images in V'^^^/W of the elements of the hyperplane 
orbit C. 
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Example 4.2.1 Let W := 6*4 =< s,t\sts = tst,s^ = t^ = I >. Then s and t 
are conjugate in W and their reflecting hyperplanes belong to the same orbit in 
A/W. The generic Hecke algebra of W can be presented as follows 

n=<S,T\ STS = TST, {S - uo){S - ui)iS - U2) = 0, 

{T - uo){T - ui){T - U2) = > . 

We make some assumptions for the algebra Ti. Note that they have been 
verified for all but a finite number of irreducible complex refiection groups 
([13], remarks before 1.17, § 2; [22])- 

Assumptions 4.2.2 The algehraTi is a free Z[u, u^^]-modtt/e of rank \W\. 
Moreover, there exists a linear form t : Ti ^ Z[u, u^^] with the following 
properties: 

1. t is a symmetrizing form for Ti, i.e., t{hh') = t{h'h) for all h,h' ^ 7i 
and the map 

i: n ^ Hom(H,Z[u,u-i]) 
h ^ {h' ^ t{hh')) 

is an isomorphism. 

2. Via the specialization ucj ^-* Q^, the form t becomes the canonical 
symmetrizing form on the group algebra ZW . 

3. If we denote by a ^^ a* the automorphism of Z[u, u^-*^] consisting of 
the simultaneous inversion of the indeterminates, then for all h G B , 
we have 

tin) 



where vr is the central element of P defined in 4-1-6 



We know that the form t is unique ([IS], 2.1). From now on, let us suppose 
that the assumptions 14.2.21 are satisfied. Then we have the following result 
by G.Malle ([3D], 5.2). 



Theorem 4.2.3 Let v = {vc,j){ceA/w){o<j<ec-i) be a set ofJ^ceA/w^c 
determinates such that, for every C,j, u 
K{\)-algebra K{y)l-i is split semisimple. 



in- 



determinates such that, for every C,j, we have Vfi'j = Cec^cj- Then the 



By "Tits' deformation theorem" (theorem 12. 4. 9p . it follows that the spe- 
cialization vcj ^—>- 1 induces a bijection x ^~^ Xv from the set Irr(iy) of 
absolutely irreducible characters of W to the set lTT{K(y)H) of absolutely 
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irreducible characters of K{'v)7i, such that the following diagram is commu- 
tative 

i i 

Since the assumptions 14.2.21 are satisfied and the algebra K(y)H is split 
semisimple, we can define the Schur element s-^^ for every irreducible char- 
acter xv of K{'v)7i with respect to the symmetrizing form t. The bijection 
X ^~^ Xv from Irr(H^) to Irr(i^(v)H) implies that the specialization vqj ^-^ 1 
sends s^^ to |iy|/x(l) (which is the Schur element of x in the group algebra 
with respect to the canonical symmetrizing form). The following result is 
simply the application of proposition 12. 2. 1"2] to this case. 

Proposition 4.2.4 

1. We have 

*= 1^ — ^v. 

Xv6lrr(X(V)W) ^V 

2. For all xv G Itt{K{-v)T-C), the block-idempotent of K{y)l-i associated 
with xv is e^v = Xv/^xv 

Remark: The bijection Irr(iy) <-» Irr(fC(v)7Y), x ^^ Xv allows us to write 
Irr(iy) instead of \ii{K{\)l-C) and x instead of Xv in all the relations above. 

The following result concerns the form of the Schur elements associated 
with the irreducible characters of K{\)7i (always assuming that the asump- 
tions 14.2!^ are satisfied). 

Theorem 4.2.5 The Schur element s^{\) associated with the character Xv 
of K{'v)7i is an element of 'Ijk[^,"v^^] of the form 



^x(v) = ^x^x n ^x.(^x. 



where 

• C,x is an element ofZ^, 

• ^x ~ ric j '^cf '^^ ^ monomial in Zxly, v^^] with J2'j'=o ^CJ ~ ^ f^^ ^^^ 

C e A/W, 

• I^ is an index set, 
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• {'^x,i)ieix ^^ a family of K-cydotomic polynomials in one variable (i.e., 
minimal polynomials of the roots of unity over K), 

• {M^^i)ifzj^ is a family of monomials in 'Lk\^i ^^^] ^^^ ^/^x,« ~ lie j '^c^f ' 
then gcd(ac,j) = 1 o,nd Yl'j% ^c,j = for all C G A/W , 

• (^x,i)i<^ix ^■^ a family of positive integers. 

Proof: By proposition 12 . 2 . 10| we have that s^iy) G Zi4-[v, v^^]. The rest 
is a case by case analysis. For W an irreducible complex reflection group, 
we will denote by H(W) its generic Hecke algebra defined over the splitting 
field of theorem I4.2.3[ 

Let us first consider the group G{d,l,r) for rf > l,r > 2. By [31] . 
Cor. 6.5, the Schur elements of H{G{d,l,r)) are of the desired form. In 
|24j it was shown that 7i{G{de, l,r)) for a specific choice of parameters be- 
comes the twisted symmetric algebra of the cyclic group of order e over 
a symmetric subalgebra which is isomorphic to 7i{G{de,e,r)) (it had been 
already shown in [12] for d = 1). Thus, by proposition 12.3. 15l the Schur ele- 
ments of H{G{de, l,r)) are multiples by some integer of the Schur elements 
of TC{G{de, e, r)). Therefore, the assertion is estabhshed for all the groups of 
the infinite series G{de, e, r) with r > 2. 

For the groups G{de,e,2), Gj, Gu and Gig, the generic Schur elements 
are determined by Malle in [29]. In the same article, we can find the special- 
izations of parameters which permit us to calculate, using again proposition 
12.3.151 the Schur elements of 

• n{G4), ^(Gs), n{Ge) from HiGj). 

• HiGs), HiG,), 7^(Gio), n{Gu), n{Gn), n{Gu), n{G^,) from H{G^^). 

• n{G,e), n{Gn), ^(Gis), n{G2o), n{G2i), H{G22) from H{G^,). 

For more details, the reader may refer to the Appendix, where the above 
specializations are given explicitly. 

The generic Schur elements for the remaining non-Coxeter exceptional 
complex refiection groups, i.e., the groups G24, G25, G26, G27, G29, G31, G32, 
G33, G34, have been also calculated by Malle in [3T] . 

As far as the exceptional real refiection groups are concerned, i.e., the 
groups G23 = H3,G 28 = F^,Gso = H^^G^i^ = Eq,G36 = ^7,^37 = Eg, the 
Schur elements have been calculated 

• for Eq and E-i by Surowski ([¥!]). 

• for Es by Benson ([3]), 
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• for F4 and H^, by Lusztig ([28j and [20] respectively), 

• for H4, by Alvis and Lusztig ([1]). 

To obtain the desired formula from the data given in the above articles, 
we used the GAP Package CHEVIE (where some mistakes in these articles 
have been corrected). ■ 

In the Appendix, we give the factorization of the generic Schur elements 
of the groups G-j, Gu, Gig, G2%, G28 and 6*32, so that the reader may verify 
the above result. The Schur elements for G25 are also obtained as specializa- 
tions of the Schur elements of G26- The groups G23, G24, G27, G29, G30 G31, 
G33, G34, G35, G36 and G37 are all generated by reflections of order 2 whose 
reflecting hyperplanes belong to one single orbit. Therefore, the splitting 
field of their generic Hecke algebra is of the form K{vo,Vi), where K is the 
field of definition of the group. In these cases, the generic Hecke algebra is es- 
sentially one-parametered and it is easy to check that the irreducible factors 
of the generic Schur elements over K[vq ,Vi ] are i^-cyclotomic polynomials 
taking values on t; := foff ^. 

Remark: It is a consequence of [3H], Thm. 3.4, that the irreducible factors of 
the generic Schur elements over C[v, v~^] are divisors of Laurent polynomials 
of the form M(v)" — 1, where 

• M(v) is a monomial in C[v, v~^], 

• n is a positive integer. 



The first cyclotomic polynomial never appears in the factorization of a 
Schur element s^(v). Otherwise the specialization vcj ^-^ 1 would send s^iy) 
to and not to |W^|/x(l) as it should. The following result is an immediate 
application of definition I3.L2I 

Proposition 4.2.6 The algebra Ti, defined over the ring Zx[v,v^^], is an 
essential algebra. 

Thanks to proposition I4.2.6[ all the results of Chapter 3 can be applied 
to the generic Hecke algebra of an irreducible complex reflection group. 

Definition 4.2.7 Let p be a prime ideal ofZx- We say that a monomial M 
in Zk[v,^^^] is p-essential for W , if M is p-essential for Ti. 



85 



4.3 Cyclotomic Hecke algebras 

Let y be an indeterminate. We set x := yl^^-^)!. 

Definition 4.3.1 A cyclotomic specialization of Ti is a Zk -algebra mor- 
phism (f) : Zj^[v, v"-*^] -^ Zx[y,y~^] with the following properties: 

• (j) : Vc,j 1—^ y"*^'^ where ncj G Z for all C and j . 

• For all C G A/W , and if z is another indeterminate, the element of 
ZK[y,y~'^,z] defined by 

ec-l 

is invariant by the action of GaA{K{y)/K{x)). 

If is a cyclotomic specialization of Ti, the corresponding cyclotomic 
Hecke algebra is the Zi^[|/,i/^-'^]-algebra, denoted by Ti^, which is obtained as 
the specialization of the Zx[v, v^^]-algebra 7i via the morphism 0. It also 
has a symmetrizing form t^ defined as the specialization of the canonical 
form t. 

Remark: Sometimes we describe the morphism by the formula 

If now we set q := (x for some root of unity ( G fi{K), then the cyclotomic 
specialization becomes a (-cyclotomic specialization and 7i^ can be also 
considered over Zi^[g, g~^]. 

Example 4.3.2 The spetsial Hecke algebra ^{^{W) is the 1-cyclotomic algebra 
obtained by the specialization 

ucfi "-^ <?) uc,j 1-^ Cec for 1 < j < ec — 1, for all C £ A/W. 

For example, if W := G4, then 

n'q{W) =<S,T \ STS = TST, {S - q){S^ + S+1) = {T- q){T^ + T + 1) = > . 

Set A := Zi^[v, v^-*^] and Q := Zi^[t/, t/^^]. Let (p : A ^ Qhe a cyclotomic 
specialization such that 0(fcj) = l/"'^'^ for all C,j. Recall that, for a G 
Z — {0}, we denote by /" : fi ^ fi the monomorphism y \^ y'^ 
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Theorem 4.3.3 Let (p : A —^ Q be a cyclotomic specialization like above. 
Then there exist an adapted Z^-algebra morphismip : A —^ fl and a G Z— {0} 
such that 

Proof: We set d := gcd{ncj) and consider the cyclotomic specialization 

^ '■ vcj ^— ^ y^c,j/d^ ^^Q have (f) = I'^ o Lp. Since gcd{ncj/d) = 1, there exist 
acj G Z such that 

^ac,j{nc,j/d) = 1. 

c,j 

We have y = V'dlc j "^cj^) ^^ hence, cp is surjective. Then, by proposition 
ll.4.12[ (f is adapted. ■ 

Let v? be defined as in t heorem |4 . 3 . 3 1 and H^ the corresponding cyclotomic 
Hecke algebra. Proposition 13.2.11 implies that the algebra K{y)H^ is split 
semisimple. Due to corollary 12.4.111 and the theorem above, we deduce that 
the algebra K{ii)7i^ is also split semisimple. For y = 1 this algebra specializes 
to the group algebra KW (the form t<^ becoming the canonical form on the 
group algebra). Thus, by 'Tits' deformation theorem", the specialization 
vc^j 1-^ 1 defines the following bijections 

liiiW) ^ lYT{K{y)H^) ^ lTT{K{Y)n) 

X ^ X<t> ^ Xv- 

The following result is an immediate consequence of theorem 14.2.51 

Proposition 4.3.4 The Schur element s^{y) associated with the irreducible 
character Xif> of K{y)7i^ is a Laurent polynomial in y of the form 

where ip^^^ G Z^, a^^^ G Z, n^,^ G N and Ck is a set of K -cyclotomic 
polynomials. 

Let p be a prime ideal of Jjk- Theorem 14.3.31 allows us to use theorem 
13.3.41 for the calculation of the blocks of fipj^Ti^, since they coincide with 
the blocks of VlpoTi^p by corollary 13.4.21 Therefore, we need to know which 
p-essential monomials are sent to 1 by 0. 
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Essential hyper planes 

Let M := ]^^ f^*^'^ be a p-essential monomial for W in A. Then 

0(M) = 1 ^ XI ^c,i^c,i = 0. 
Set m := Ylic^A/w ^c- The hyperplane defined in C™ by the relation 

where (tcj)c,j is a set of m indeterminates, is called p-essential hyperplane 
for ly. A hyperplane in C" is called essential for ly, if it is p-essential for 
some prime ideal p of Zk- 

In order to calculate the blocks of fipnH^, we check to which p-essential 
hyperplanes the ucj belong: 

• If the ucj belong to no p-essential hyperplane, then the blocks of O^poTi^ 
coincide with the blocks of Ap/H. 

• If the ncj belong to exactly one p-essential hyperplane, corresponding 
to the p-essential monomial M , then the blocks of f^p^Ti^ coincide with 
the blocks of A^^^jH (where qM ■= pA+{M - 1)A). 

• If the ncj belong to more than one p-essential hyperplane, then we use 
theorem 13.3.41 to calculate the blocks of QpfiH^. 

If now nc,j = n G Z for all C,j, then QpnTi^ ~ fipnW^ and the ricj belong 
to all p-essential hyperplanes. Due to theorem 13.3.41 we obtain the following 
proposition 

Proposition 4.3.5 Let p be a prime ideal o/Zk lying over a prime number 
p. If two irreducible characters x o.nd ip are in the same block of VtpdH^, 
then they are in the same p-block ofW. 

Proof: The blocks of VLp^H^ are unions of the blocks of A^^j^jTi for all 
p-essential monomials M such that 0(M) = 1, whereas the p-blocks of W 
are unions of the blocks of A^^^^Ti for all p-essential monomials M. ■ 

Remark: It is well known that, since the ring Vtp^ is a discrete valuation 
ring (by theorem 11.2.231) . the blocks of VtpoW are the p-blocks of W as de- 
termined by Brauer theory. The reason is the following: 
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Let Clp be the p-adic completion of Qp. Then the p-blocks of W corre- 
spond to the central primitive idempotents of CipW. Since K{y)W is a split 
semisimple algebra and Qp is a local Noetherian ring, by theorem 11.3.61 the 
central primitive idempotents of ClpW belong to 

K{y)wnnpW = npW. 

Since we are working with group algebras, we also have that 

zidpW) nnpW = z{npW). 

Thus the central primitive idempotents of ClpW coincide with the central 
primitive idempotents of QpW. 

However, we know from Brauer theory that if the order of the group W is 
prime to p, then every character of VT is a p-block by itself (see, for example, 
15.5, Prop. 43). It is an immediate consequence of proposition H7H7S] that 



Proposition 4.3.6 Ifp is a prime ideal oj'Lk lying over a prime number p 
which doesn't divide the order of the group W , then the blocks of ^pnH^ are 
singletons. 

4.4 Rouquier blocks of the cyclotomic Hecke 
algebras 

Definition 4.4.1 We call Rouquier ring of K and denote by TZxiy) the Z^- 
subalgebra of K{y) 

7^K(t/):=Zx[|/,y-^(y"-l);^J 

Let (f) : vcj i— ^ y'^'^'^ be a cyclotomic specialization and Ti^ the correspond- 
ing cyclotomic Hecke algebra. The Rouquier blocks of 7i<^ are the blocks of 
the algebra lZK{y)'H^. 

Remark: It has been shown by Rouquier [H7], that if ly is a Weyl group 
and Ti^ is obtained via the "spetsial" cyclotomic specialization (see example 
14.3.21) . then its Rouquier blocks coincide with the "families of characters" 
defined by Lusztig. Thus, the Rouquier blocks play an essential role in the 
program "Spets" (see [13]) whose ambition is to give to complex reflection 
groups the role of Weyl groups of as yet mysterious structures. 
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Proposition 4.4.2 (Some properties of the Rouquier ring) 

1. The group of units TZKiv)^ of the Rouquier ring TZxiy) consists of the 
elements of the form 

uy- n *(?/)"'' 

^&Cjc\(K) 

where u G Z^, n^Uif, G Z, Cycl(i^) is the set of K-cyclotomic polyno- 
mials and n^f) = for all but a finite number of ^. 

2. The prime ideals ofTZxiy) ^^^ 

• the zero ideal {0}, 

• the ideals of the form pTZK{y), where p zs a prime ideal ofLx, 

• the ideals of the form P{y)7lK{y), where P{y) is an irreducible 
element of Zxly] of degree at least 1, prime to y and to $(|/) for 
all^ G Cyc\{K). 

3. The Rouquier ring TZx{y) is a Dedekind ring. 
Proof: 

1. This part is immediate from the definition of ii'-cyclotomic polynomi- 
als. 

2. Since TZxiy) is an integral domain, the zero ideal is prime. 

The ring Zk is a Dedekind ring and thus a KruU ring, by proposition 
11.2.251 Proposition 11.2.2^ implies that the ring l^xiy] is also a KruU 
ring whose prime ideals of height 1 are of the form pZ^iy] (p prime 
in 1,k) and P{y)ZK[y] {P{y) irreducible in Zxly] of degree at least 1). 
Moreover, Z^ has an infinite number of non-zero prime ideals whose 
intersection is the zero ideal. Since all non-zero prime ideals of Zk are 
maximal, we obtain that every prime ideal of Za' is the intersection of 
maximal ideals. Thus Z^- is, by definition, a Jacobson ring (cf. [T7] . 
§4.5). The general form of the Nullstellensatz ([17J, Thm.4.19) implies 
that for every maximal ideal m of Z^- [y] , the ideal m fl Z^- is a maximal 
ideal of Zk- We deduce that the maximal ideals of Zx[y] are of the 
form pZxly] + P{y)ZK[y] (p prime in Zk and P{y) of degree at least 
1 irreducible modulo p). Since Zx[y] has KruU dimension 2, we have 
now described all its prime ideals. 

The ring TZxiy) is a localization of Zxiy]- Therefore, in order to prove 
that the non-zero prime ideals of IZxiy) are the ones described above, 
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it is enough to show that m7^x(2/) = T^Kijj) for all maximal ideals m 
of 'LkIu]- For this, it suffices to show that pTZxiy) is a maximal ideal 
of TZxiy) for all prime ideals p of Zk- 

Let p be a prime ideal of Zk- Then 

nK{y)/pnKiy) ^ ¥,[y,y-\ (y" - l)-l,], 

where Fp denotes the finite field Zk/P- Since Fp is finite, every polyno- 
mial in ¥p[y] is a product of elements which divide y or y" — 1 for some 
n E N. Thus every element of ¥p[y] is invertible in 7^x(2/)/p'^x(y)- 
Consequently, we obtain that 

7^^(y)/p7^A■(y)^Fp(y) 

and thus p generates a maximal ideal in IZxiy)- 

3. The ring TZxiy) is the localization of a Noetherian integrally closed ring 
and thus Noetherian and integrally closed itself. Moreover, following 
the description of its prime ideals in part 2, it has KruU dimension !.■ 

Remark: If P{y) is an irreducible element of Zx[y] of degree at least 1, prime 
to y and to ^{y) for all $ G Cyc\{K), then the field UKiy)/ P{,y)'R-K{y) is 
isomorphic to the field of fractions of the ring Zi^[y]/P(|/)Zx[|/]- 

Now let us recall the form of the Schur elements of the cyclotomic Hecke 
algebra 7i^ given in proposition I4.3.4[ If x^ is an irreducible character of 
K{y)Hfjj, then its Schur element s^^{y) is of the form 

where ipx,<p ^ '^k, cix<<f> ^ ^' ''^x<<f> ^ -^ ^^^ ^k ^^ ^ ^^^ °^ i^-cyclotomic 
polynomials. 

Definition 4.4.3 A prime ideal p of Zk lying over a prime number p is 
(j)-had for W, if there exists x<j) £ Irr(-^(2/)'^</>) i^^th ^^^^ G p. If p is (p-bad 
for W , we say that p is a (p-bad prime number for W . 

Remark: If PF is a Weyl group and is the "spetsial" cyclotomic specializa- 
tion, then the 0-bad prime ideals are the ideals generated by the bad prime 
numbers (in the "usual" sense) for W (see ^T\, 5.2). 
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Note that if p is 0-bad for W, then p must divide the order of the group 

(since s^,(l) = |iy|/x(l)). 

Let us denote by O the Rouquier ring. By proposition l2.1.9l the Rouquier 
blocks of H^ are unions of the blocks of O-pTi^ for all prime ideals V of 
O. However, in all of the following cases, due to the form of the Schur 
elements, the blocks of OpTi^ are singletons {i.e., e^^ = X^/^X4, ^ ^v'^cp fo^ 
all x<p e lrTiK{y)n^)y. 

• P is the zero ideal {0}. 

• P is of the form P{y)0, where P{y) is an irreducible element of I^kIv] 
of degree at least 1, prime to y and to $(y) for all $ G Cycl(i^). 

• P is of the form pO, where p is a prime ideal of Z/^ which is not 0-bad 
for ly. 

Therefore, the blocks of OTCfj, are, simply, unions of the blocks of OpoTi-tp 
for all 0-bad prime ideals p of Zk- By proposition II. 1.5( 4). we obtain that 
Opo — i^pH, where Q := ZK[y,y~^]- In the previous section we saw how we 
can use theorem 13.3.41 to calculate the blocks of fipoTi^ and thus obtain the 
Rouquier blocks of H^. 

Rouquier blocks and central morphisms 

The following description of the Rouquier blocks results from proposition 
12.1.101 and the description of 0-bad prime ideals for W. 

Proposition 4.4.4 Let x, ^ G Irr(iy). The characters X(t> o,i^d ip^ are in 
the same Rouquier block of Tifp if and only if there exists a finite sequence 
Xo, Xi, ■ ■ ■ ,Xn £ Irr(14^) and a finite sequence pi, . . . , p„ of (p -had prime ideals 
for W such that 

• {Xo)<t> = X<t> and {xn)4, = i^^, 

• for all J (1 < J < n), uj(^^_^)^ = uj(^^^)^ mod p^O. 

Rouquier blocks and functions a and A 

Following the notations in [T3], 6B, for every element P{y) G C(|/), we call 

• valuation of P{y) at y and denote by valy{P) the order of P{y) at 
(we have valj^(P) < if is a pole of P{y) and valy(P) > if is a 
zero of P{y)), 
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• degree of P{y) at y and denote by degj^(P) the opposite of the valuation 
oiP{l/y). 

Moreover, if y" = x, then 

val.(P(y)) := ^-^^ and deg,(P(y)) := ^^^^. 
n n 

For X ^ Irr(iy), we define 

«X0 :=vaU(s^^(y)) and A^^ := deg^{s^^{y)). 
The following result is proven in |T2J, Prop. 2. 9. 
Proposition 4.4.5 Let x := y\^^^^^\. 
1. For all X ^ Irr(W^), we have 

where n is the central element of the pure braid group defined in \4-l-6 . 



2. Let Xyi^ ^ Irr(iy). If x<f> "^nd ip(f, belong to the same Rouquier block, 
then 



Proof: 



1. If Piy) G C[y,y^^], we denote by Piy)* the polynomial whose coeffi- 
cients are the complex conjugates of those of Piy). By [13j, 2.8, we 
know that the Schur element s^ iy) is semi-palindromic and satisfies 



^U* tA-K) 



s.,{y- r = zjj^f^M 



We deduce ([13], 6.5, 6.6) that 



Ui^) _ c^.-K.+AxJ 



for some ^ G C For y = x = 1, the first equation gives ^^(vr) = uj^^{n) 
and the second one ^ = 1. Thus we obtain 
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2. Suppose that x^ and ip^j, belong to the same Rouquier block. Due to 
proposition I4.4.4| it is enough to show that if there exists a 0-bad prime 
ideal p oHak such that cu^^ = u^^ mod pC, then a^^^+A-^^ = a^^+A^^. 
If u^^ = u^^ mod pO, then, in particular, Co'x0(^) — ^■4'4,i'^) niod pO. 
Part 1 implies that 

t<^(7r)x"^^+^^^ = t0(7r)x"*^+^*^ mod pO. 

We know by [13\, 2.1 that ^^(Tr) is of the form C,x'^^ , where ^ is a root 
of unity and M e Z. Thus t^(vr) ^ pO and the above congruence gives 

j."-X^+^X^ ^ r^^i'^+^i'^ mod pC, 

whence 



Remark: For all Coxeter groups, Kazhdan-Lusztig theory states that if x<j) 
and '00 belong to the same Rouquier block, then a^^ = a^^ and A^^ = A^^ 
(cf. |2S])- The same assertion has been proven 



• for the imprimitive complex reflection groups in |12j . 

• for the "spetsial" complex reflection groups in [33] . 

The results of the next chapter prove that it holds for the groups G12, G22 and 
G31. We conjecture that it is true for all the remaining exceptional complex 
reflection groups. 
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Chapter 5 

On the calculation of the 
Rouquier blocks 



The fifth chapter is the calculation part. We provide the algorithm we used 
in order to determine the Rouquier blocks of the cyclotomic Hecke algebras 
of the exceptional complex reflection groups with GAP. We have stored the 
calculated data in a computer file and have created GAP functions which 
give us access to them. These functions, together with some examples of 
their use, are presented in sections 5.3 and 5.4. 

All the notations used in this chapter have been explained in Chapter 4. 

5.1 General principles 

Let W he a. complex reflection group such that the assumptions 14.2.21 are 
satisfied. Let Ti be its generic Hecke algebra defined over the ring A : = 
Z^[v, v~^]. Let p be a prime ideal of Z^ lying over a prime number p 
which divides the order of the group W. We can determine the p-essential 
hyperplanes for each character x £ Irr(iy) by looking at the factorization of 
its generic Schur element in ii'[v, v^^] (see theorem 14.2.51) . 

Let : vcj i— > y"''^'^ be a cyclotomic specialization and let H^ be the 
cyclotomic Hecke algebra obtained by H via 0. Let us denote by O the 
Rouquier ring. We can distinguish three cases. 

• If the ncj belong to no p-essential hyperplane, then the blocks of 
Opo'Hfj, coincide with the blocks of Ap/H. 

• If the nc,j belong to exactly one p-essential hyperplane, corresponding 
to the p-essential monomial M, then the blocks of OpoTi,^ coincide with 
the blocks of Aq^,^H, where qM ■= pA+{M - 1)A. 
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• If the ricj belong to more than one p-essential hyperplane, then we use 
theorem 13.3.41 in order to calculate the blocks of Cpc>H<^. 

Now recall that the Rouquier blocks of 7i^ are unions of the blocks of 
Opo'Hff, for all 0-bad prime ideals p of Z^- We distinguish again three cases. 

• If the TT-cj belong to no essential hyperplane, then the Rouquier blocks 
of H^ are unions of the blocks of Ap/H for all </)-bad prime ideals p. 
We say that these are the Rouquier blocks associated with no essential 
hyperplane for W. 

• If the ncj belong to exactly one essential hyperplane, corresponding to 
the essential monomial M, then the Rouquier blocks of Ti^ are unions 
of the blocks of A^^j^^^H, where qM '■= pA+ {M — 1)A, for all 0-bad prime 
ideals p (if M is not p-essential, then, by corollary 13.2.71 the blocks of 
Aqj^jH coincide with the blocks of Ap/H). We say that these are the 
Rouquier blocks associated with that essential hyperplane . 

• If the ncj belong to more than one essential hyperplane, then the 
Rouquier blocks of H^ are unions of the Rouquier blocks associated 
with the essential hyperplanes to which the ucj belong. 

Therefore, if we know the blocks of Ap/H and ^q„?^ for all p-essential 
monomials M, for all p, we know the Rouquier blocks of Ti,^ for any cyclo- 
tomic specialization 0. 

In order to calculate the blocks of Ap/H (resp. of Aq^^Ti), we find a 
cyclotomic specialization (p : vq.j ^^ y^'^'^ such that the uc^j belong to no 
p-essential hyperplane (resp. the ricj belong to the p-essential hyperplane 
corresponding to M and no other) and we calculate the blocks of Opo'H^. 

The algorithm presented in the next section uses some theorems proved 
in previous chapters in order to form a partition of Irr(Vr) into sets which 
are unions of blocks of OpoTi-^- These theorems are 

12.4.181 An irreducible character x is a block by itself in Opo'H^ if and only 



-11 



14.3.51 If X, i^ belong to the same block of Opo'H^, then they are in the same 
]9-block of W . 

14.4.51 If x, "0 are in the same block of OpoH^, then a^^ + A^^ = a^^ + A^^. 

13.2.61 Let C be a block of ApAH. If M is not a p-essential monomial for any 
X G C , then C is a block of Aqj^^H. 
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If the partition obtained is minimal, then it represents the blocks of OpoTi-^f,. 

With the help of the package CHEVIE of GAP, we created a program that 
follows this algorithm to obtain the Rouquier blocks of all cyclotomic Hecke 
algebras of the groups G7, Gu, Gig, G26, G2& and G^2- We used Clifford 
theory (for more details, see Appendix) in order to obtain the Rouquier 
blocks for 

• G4, Gs, Ge from G7, 

• Gs, Gg, Gio, G12, Gi3, Gi4, Gi5 from Gu, 

• G16, Gi7, G18, G20, G21, G22 from Gi9, 

• G25 from G26- 

In all of the above cases (except for the "spetsial" case for G32), we can 
determine that the partition into p-blocks obtained is minimal. This is done 
either by using again the above theorems or by applying the results of Clifford 
theory. 

For all remaining groups, the Rouquier blocks of the "spetsial" cyclo- 
tomic Hecke algebra have already been calculated in [33] (along with those 
of G32), where more criteria for the partition of Irr(14^) into p-blocks are 
given. Since they are groups generated by reflections of order 2 whose re- 
flecting hyperplanes belong to one single orbit, their generic Hecke algebras 
are defined over a ring of the form Z[xo , Xi ] and the only essential monomial 
is xqXi^. If Xi 1-^ y"' is a cyclotomic specialization and ao = ai, then the 
specialized algebra is the group algebra, whose Rouquier blocks are known 
(they are unions of the group's p-blocks for all primes p dividing the order 
of the group). According to the above algorithm, it is enough to study one 
case where oq 7^ ai and thus the "spetsial" case covers our needs. 

5.2 Algorithm 

Let p be a prime ideal of Tjk lying over a prime number p which divides the 
order of the group W . As we saw in the previous section, we need to calculate 
the blocks of Ap/H and the blocks of A^^j^jTi for all p-essential monomials M. 
Together with Jean Michel, we have programmed into GAP the factorized 
generic Schur elements for all exceptional complex reflection groups, verifying 
thus theorem 14.2.51 These data have been stored under the name "Schur- 
Data" and correspond to the following presentation of the Schur element of 
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an irreducible character x- 

Sx = ^xN^ n ^x.(^x.)"'^'" (t) 



iei 



X 



(for the notations, the reader should refer to theorem 14.2.51) . Firstly, we 
determine the p-essential monomials/p-essential hyperplanes for W. Given 
the prime ideal p, GAP provides us with a way to determine whether an 
element of Z^ belongs to p. In the above formula, if \E'^ j(l) G p, then M^ j 
is a p-essential monomial. 

If now we are interested in calculating the blocks of Ap/H, we follow the 
steps below: 

1. We select the characters x ^ Irr(iy) whose Schur element has its co- 
efficient C,x in p. The remaining ones will be blocks of Ap/H by them- 
selves, thanks to proposition 12.4.181 Thus we form a first partition Ai 
of Irr(iy); one part formed by the selected characters, each remaining 
character forming a part by itself. 

2. We calculate the p-blocks of W. By proposition l4.3.5l if two irreducible 
characters aren't in the same p-block of W, then they can not be in the 
same block of Ap/H. We intersect the partition Ai with the partition 
obtained by the p-blocks of W and we obtain a finer partition, named 

3. We find a cyclotomic specialization : vcj ^-^ y"^'-' such that the ncj 
belong to no p-essential hyperplane. This is done by trying and checking 
random values for the ncj. The blocks of Ap/H coincide with the blocks 
of OpoH^. Following proposition 14. 4. 5^ we take the intersection of the 
partition we already have with the subsets of Irr(iy), where the sum 
a-^^ + Ay^^ remains constant. This procedure is repeated several times, 
because sometimes the partition becomes finer after some repetitions. 
Finally, we obtain the partition A3, which is the finest of all. 

If we are interested in calculating the blocks of Ac^j^jTi for some p-essential 
monomial M, the procedure is more or less the same: 

1. We select the characters x ^ Irr(H^) for which M is a p-essential mono- 
mial. We form a first partition Ai of Irr(iy); one part formed by the 
selected characters, each remaining character forming a part by itself. 
The idea is that, by proposition I3.2.6[ if M is not p-essential for any 
character in a block C of ApAH, then C is a block of Ac^j^^Ti. This 
explains step 4. 
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2. We calculate the p-blocks of W. By proposition H331 if two irreducible 
characters aren't in the same p-block of W, then they can not be in the 
same block of Ac^^jTi. We intersect the partition Ai with the partition 
obtained by the p-blocks of W and we obtain a finer partition, named 
A2. 

3. We find a cyclotomic specialization : vqj ^^ y"^^'^ such that the ricj 
belong to the p-essential hyperplane defined by M and to no other, 
(again by trying and checking random values for the ncj). We repeat 
the third step as described for Ap/H to obtain partition A3. 

4. We take the union of A3 and the partition defined by the blocks of 
ApA^H. 

The above algorithm is, due to step 3, heuristic. However, as we have 
said in the previous section, for the cases we have used it {Gj, Gn, Gig, G2&, 
G28, G32), we have been able to determine (using the criteria explained also 
in the previous section) that the partition obtained at the end is minimal 
and corresponds to the blocks we are looking for. 

The Rouquier blocks associated with no essential hyperplane (resp. with 
the essential hyperplane corresponding to some essential monomial M) are 
unions of the blocks of Ap/H (resp. of Ac^j^jH) for all p lying over primes 
which divide the order of the group W. We have observed that the above 
algorithm provides us with the correct Rouquier blocks for all exceptional 
complex reflection groups in all cases, except for the "spetsial" case of (^34. 

5.3 Results for the exceptional complex re- 
flection groups 

Using the algorithm of the previous section, we have been able to calculate the 
Rouquier blocks associated with all essential hyperplanes for all exceptional 
complex reflection groups. 

We will give here the example of Gf and show how we obtain the blocks 
of Gq from those of G7. Nevertheless, let us first explain the notations of 
characters used by the CHEVIE package. 

Let W be an exceptional irreducible complex reflection group. For x ^ 
Iyy(W), we set d{x) '■= x(l) and we denote by b{x) the valuation of the 
fake degree of x i^oi the definition of the fake degree see |I^, 1.20). The 
irreducible characters x of ^ ^ire determined by the corresponding pairs 
((i(x),6(x)) and we write x = (t^d,b, where d := d{x) and b := b{x)- If two 
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irreducible characters x ^-^id x' have d{x) = c^(x') and 6(x) = b{x')^ we use 
primes " ' " to distinguish them (following [32],[33])- 

Example 5.3.1 The generic Hecke algebra of Gj is 

HiGj) = <S,T,U \ STU = TUS = UST 

{S - xo){S - xi) = 
(T - yo){T - yi){T - y2) = 

{U - zo){U - zi){U - Z2) = > 

Let <j) he a cyclotomic specialization of 7i{Gj) with 

The (/>-bad prime numbers are 2 and 3. We will now give all the essential hyper- 
planes for G-j and the non-trivial Rouquier blocks associated with each. 

No essential hyperplane 

{</''2,9,</'2,15}, W^,7> 9^2,13}' W2,ll.<^2,5}. {'/'2,7' <>2' isb Wi,!! ^ 't'h,} , {</'2,9.</'2,3b iCll : </'2''5}' 
{'t>2%''t'2:3}' {<^2'7''?^2,l}, {</'3,6,03,lOi03,2}, {</'3,4, </i3,8, </'3,12} 

Cl — C2 = 

W,4>'^i,8}' W,8'<^i,12}' {</'l,12'</'l,16}, {01.10' <?^i, 14}' {<?^l,14''?^i,18)' {</'l,18. </'l,22}, {</'2,9' '?^2,15}, 
W2.7.<7i2,ll>2,13>2,5}. {02.7' <^2,13}. {02,11 ' 02,9' 02,5' 02.3}' {02,'ll ' 02,'5}' {02.'9' 02,'7. 02,3' 02.l}' 
{03,6' 03,10' 03,2}, {03,4, 03,8' 03,12} 

CO - Cl = 

{01,O'0i,4}, {01,4'01,8}' {01,8' 01,12}' {01,6,0i,io}' {01,10.01,14}' {01,'l4. 01,18}' 
{02,9' 02,7' 02,15, 02,13}' {02,11 ' 02,5}' {02,7' 02,11 ' "^MS' 02,5}' {02,9'02,3}' 
{02','ll.02','9'02,'5.02,3}' {02,'7' 02,l}' {03,6,03,10,03,2}, {03,4,03,8,03,12} 

Co - C2 = 

{<t>lfi,4>U^, {0'i',4.0i,12}' {0i','8. 01.16}, {01,6,0'i,i4}, {01,10' 0i,18}' {01,'l4, 01,22}, 
{02,9'02,11'02,15'02,5}' {02,7' 02,13}' {02,7' 02,9' 02,13' 02,3}' {02,11 ' 02%}' 
{02, 'll '02, '7 '02, '5' 02, l}' {02,'9'02,3}' {03,6,03,10,03,2}, {03,4,03,8,03,12} 

61 - b2 = 

{01,4'01,'8}' {01,8-01,12}' {0i,i2, 01,16}, {0i',lO.01,'l4}' {01,14' 01,18}' 
{0i,18'01,22}' {02,9'02,15}, {02,7' 02,13}' {02,11.02,5}' {02,7' 02,'ll ' 02,13' 02,'5}' 
{02,11 '02,9' 02,5' 02,3}' {02,9' 02,7' 02,3' 02, 1}, {03,6' 03,10, 03,2}, {03,4,03,8,03,12} 

60 ~ bl = 

{01.O,0'/,4}, {0i,4'01,8}' {0i,8'0i,12}> {01,6,0i',io}' {0i,lO' 01,14}' {0i,14' 0i,18}' 
{02,9' 02,7' 02,15' 02,13}' {02,7' 02,11' 02,13' 02,5}' {02,11 ' 02,9' 02,5' 02,3}' 
{02,'ll.02','5}' {02,9' 02,3}' {02,'7'02,l}' {03,6,03,10,03,2}, {03,4,03,8,03,12} 

bo - b2 = 

{01,O,0i','8}' {0i,4' 01,12}' {0i,8' 01.16}' {01,6'0'l','l4}, {0'l,lO' 01,18}' {0i,14' 01,22}' 
{0'2,9' 02,'ll' 02.15' 02','5}' {02,7' 02,9' 02,13' 02,3}' {02,11 ' 02,'7' 02,5- 02,l}' {02,7' "^Ms}' 
{02,11 '02,5}' {02,9'02,3}' {03,6,03,10,03,2}, {03,4,03,8,03,12} 

ao — ai — 260 + bi + 62 - 2co + Cl + C2 = 

{01,6, 02,9' 02,15, 03,4, 03,8, 03,12}, {02, 7> 02,13}' {02,11 ' 02,5}' {02,7' 02,13}' {02,11 ' 02,5}' 
{02,9' 02,3}' {02,'ll'02,'5}' {02','9.02,3}' {02,'7' 02,l}' {03,6' 03,10' 03,2} 
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ao - ai 



ao - ai 



■ 2bo + bi + 62 + CO - 2ci + C2 = 

?^i.l0'</'2.7''J^2,13''J^3,4,<^3,8:<^3,12}, {</>2,9: 02,15}, {</'2,ll . <J^2,5}' {<?^2'.7' "^2.13}' {</'2,ll ' «^2,5}' 

?^2,9''^2.3}. {<^2'.'ll'<7^2'.'5}' ^2,9 ' <^2.3}. {'/'"t. <?^2.l}. {03.6, felO, 03.2} 

26o + 61 + 62 + CO + ci - 2C2 = 
?^i.l4' 02.11 '02.5' 03.4, 03.8, 03.12}, {02,9' 02.15}, {02.7' 02.13}' {02.7' 02.13}' {02.11 ' 02.5}' 
/'2.9'02.3}' {02.'ll'02.'5}' {02.9 ' 02.3}' {02.'7' 02.l}' {03.6,03.10,03.2} 



ao — ai — Oq — 
{01.16, 
{02.11' 

ao - ffli - bo - 
{0i'.12' 
{02.11' 

ao - ai - 60 - 



{02.11' 

-bo + 

{0i'.12' 

{0^'.'ii' 
-bo + 

{01.16' 

{0^'.'ii' 
- 60 



ao - ai 



ao — 11 



fel + 262 - CO - ci + 2C2 = 

02,'7' 02.1' 03.6, 03.10, 03.2}, {02,9,02.15}, {02.7' 02.13}' {02.11 ' 02.5}' {02.7' "^2.13}' 
02.5}' {02.9'02.3}' {02.'ll'02.'5}' {02.9' 02.3}' {03.4,03.8,03.12} 

61 + 2fe2 - CO + 2ci -- C2 = 

02.9' 02.3' 03,6' 03.10, 03.2}, {02,9' 02,15}, {02.7' 02.13}' {02.11 ' 02.5}' {02.7' ''^2.13}' 

02.5}' {02.9'02.3}' {02.'ll'02.'5}' {02.'7' 02.l}' {03.4,03.8,03.12} 

61 + 2fe2 + 2co - ci - C2 = 

^2.'ll'02.'5' 03,6' 03.10, 03.2}, {02,9,02,15}, {02.7' 02,13}' {02,11 ' 02.5}' {02.7' ''^2.13}' 

02.5}' {02.9' 02.3}' {02.9' 02.3}' {02.'7'02.l}' {03.4,03.8,03.12} 

^2 - CO + Cl = 

01.6, 02.9' 02.3}' {02.9' 02.15}' {02.7' 02.13}' {02.11' 02.5}' {02.7' '^2.13 i' {02.11 ' 02.5}' 

02.5}' {02'.'9'02.3}' {02'.'7'02,l}' {03.6,03.10,03,2}, {03,4,03.8,03.12} 



ao — ai 



bo ■ 



— bo ■ 

{0'l'.8 



ao - ffli 



-bo 4 
{0i',4' 
{02,9' 



ao - ai 



ao - 0-1 



t</'l.l2 
{0^'.ll 

-bo + 

{0i'.8' 



0i.lO. 02,7' 02,13}' {02,9'02.15}' {02.7'02.13}' {02.11 ' 02.5}' {02.11 ' 02.5}' {02.9'02.3}' 
'02.5}' {02.'9'02.3}' {0^'.'7'02.l}' {03.6' 03.10' 03.2}, {03.4,03.8,03.12} 

- ^2 + CO — C2 = 

0i.l4' 02.11' 02.5}' {02.9' 02.15}' {02.7' 02.13}' {02.11 ' 02.5)' {02.7' -^2.13}' {02.9' 02.3)' 
'02.5}' {02.9' 02.3}' {0^'.'7'02.l}' {03.6' 03.10' 03.2}, {03.4,03.8,03.12} 

■ fel - CO + C2 = 

' 01.6' 0(,','9' 02,3}' {02.9' 02.15}' {02.7' 02.13}' {02.11 ' 02.5}' {02.7' 02.13}' {02.11 ' 02.5}' 

02.3}' {02'.'ll'02'.'5}' {02'.'7'02.l}' {03.6' 03.10' 03.2}, {03.4,03.8,03.12} 

0'l.l4'02.'ll'<^2.'5}' {02.9' 02.15}' {02.7' 02.13}' {02.11 ' 02.5}' {02.7' <^2.13}' {02.11 ' 02.5}' 
02.3}' {02. '9 '02.3}' {02.'7'02.l}' {03.6' 03.10' 03.2}, {03.4,03.8,03.12} 

fel + Co - Ci = 
0i.lO'<^2.'7'02.l}' {0^.9,02.15}, {0J,,7, 02,13}' {02,11 ' 02,5}' {02.7' <^2,13}' {02.11 ' 02.5}' 
02,3}' {02.'ll'02.'5}' {02.9' 02.3}' {03.6' 03.10' 03.2}, {03.4,03.8,03.12} 

- 26i - fe2 - CO - Ci + 2C2 = 

'02.9' 02.3' 03,6' 03.10, 03.2}, {02,9,02,15}, {02,7' 02,13}' {02,11 ' 02.5}' {02,7' ''^2.13}' 
'02,5}' {02,'ll'02.'5}' {02.9' 02.3}' {02,'7' 02.l}' {03.4,03.8,03.12} 

- 26i - fe2 - CO + 2ci - C2 = 

02'.11'02.5'03,6, 03,10, 03,2}, {02,9,02,15}, {02,7' 02,13}' {02,11 ' 02.5}' {02,7' '^^2.13}' 
02.3}' {02.'ll'02.'5}' {02.9' 02.3}' {02.'7'02,l}' {03.4,03.8,03.12} 



ao - ni 



ao - cii 



/'2.9'' 

■fel + 
Pl.16: 

^^:ii: 



26i - fe2 + 2co - ci - C2 = 
02.7' '^2.13' 03,6' 03.10, 03.2}, {02,9,02,15}, {02.7' 02.13}' {02.11 ' 02.5}' 
02.3}' {02'.'ll'<^2.'5}' {02.9' 02.3}' {02.'7'02.l}' {03.4,03.8,03.12} 



^2.11' 02.5}' 



fe2 - Co + C2 = 

01.10' 02.7' 02.13}' {02.9'02.15}' {02.11'02.5}' {02.7' <^2'.13}' {02.11 ' 02.5}' {02.9'02.3}' 

02.5}' {02.9' 02.3}' {02.'7'02.l}' {03.6,03.10,03.2}, {03.4,03.8,03.12} 
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ao - ai 






&2 + Cl — C2 = 

<^i.l8.<^2.9'<j!>2.15}. {</'2.7.<^2.13}. {02.11 . '^2.5}. {02.7- -T^Ms). {'1^2 ,11 ' 'f'i ,5'^ ' {<p2 .9 ' <t>'2 .3} ' 

Csi' W2','9''^23}. {0'2','7-<^2,l}. {'t>3,6, 4'3,W , <t>S,2} , {03.4, 03.8. <7^3.12} 



ao - «i - &l 



^2 + Co - ci = 

{^i'.'s. 01.14: 02.11: 02.5}. {0^.9,02.15}, {0^.7,02.13}. {02.7.02.13}. {02.11.02.5}. {02.9.02.3}. 
{02'.'ll.02'.'5}. {02'.'9.02.3}. {02.'7. 02,1 }. {03.6,03.10,03.2}, {03.4,03.8,03.12} 



ao - ai 



ciQ - ai 



ao - ai 





101.0,' 
{0i'.12: 
{02.9.- 

+ bl- 

{0i'.8.' 
{0^'.'ll: 

+ bl- 
{0i.l2: 
{0^'.'ll: 



Plfi], {0i.4,0'l.io}. {0'l.8.0i.l4}. {01.4.01.io}. {01.8.01.14}. {0i.l2 . 0i.l8}. {01.8 . 01.'l4}. 
0i'.18}. {01.16.01.22}, {0^,9,02.15}, {0^.7,02.13}. {02.11.02.5}. {02.7.02.13}. {02.11.02.5}. 
P23}' {02"ll.02"5}. {029. 023}. {0^"7.02.l}, {03.6, 03.4, </.3.10, 03.8, 03.2, 03.12} 



^2 - Co + Ci = 

(-I.'m. 02.11. 02.5}. {02.9.02.15}. {02.7.02.13}. {02.7.02.13}. {02.11.02.5}. {02.9.02.3}. 

02.5}. {02.9. 02.3}. {0^','7.02.l}. {03.6,03.10,03.2}, {03.4, </.3.8, 03.12} 

62 - Cl + C2 = 

01.18. 0'2.9. 02.15}. {02.7.02.13}. {02.11.02.5}. {02.7.02.13}. {02.11.02.5}. {02.9.02.3}. 
02.5}. {02'.'9.02'.3}. {0^','7.02.l}. {03.6,03.10,03.2}, {03.4,03.8,03.12} 

ao — ai + bi - 62 + Co — C2 = 

{0i'.4. 01.22, 0^,7, 02.13}. {02.9.02.15}. {02.11.02.5}. {02.7.02.13}. {02.11.02.5}. {02.9.02.3}. 
{02.'ll.02'.'5}. {02.9. 02.3}. {0^','7.02.l}. {03.6,03.10,03.2}, {03.4, </.3.8, 03.12} 

26i + 62 - 2co + ci + C2 = 

02.7' 02.13. 03.4. 03.8, 03.12}, {02.9,02.15}, {02.7.02.13}. {02.11.02.5}. {02.11.02.5}. 

i'2.3}. {02.'ll.02.'5}. {02.9. 02.3}. {02.'7.02.l}. {03.6,03.10,03.2} 

2bi + te + CO - 2ci + C2 = 

02.11.02.5.03.4.03.8,03.12}, {02.9,02.15}, {02.7.02.13}. {02.11.02.5}. {02.7.02.13}. 

^2.3}. {02.'ll.02.'5}. {02.9. 02.3}. {02.'7.02.l}. {03.6,03,10,03.2} 



ao - ai 



ao - ai 



i+bo- 
{0i',io. 
{02.9. 'i 

+ 60- 
{0i'.14. 
{02.9. « 

+ bo- 

{01.18. 



26i + 62 + CO + ci - 2C2 = 

02 9.02 3.03.4.03.8,03.12}, {02 9,02.15}, {02 7.02 I3}. {02 11.02 5). 

02.5}. {02.'ll.02.'5}. {02.9.02.3}. {02.'7. 02.l}. {03.6,03.10,03.2} ' 



ao - 11 + bo - &1 - CO + ci = 

{0i.4.0i'.lO.02.'7.02.l}. {0^.9.02.15}. {0^,7.02.13). {02.11.02.51. {02.7.02.13}. 
{02.9.02.3}. {02'.'ll.02'.'5}. {02.9 . 02.3}. {03.6.03.10.03.2}, {03.4,03.8,03.12} 



■^.7.0^3}. 
{02.11.02.5}. 



+ bo- 

{0i.8. 



ao — ai + / 



ao - ai 



{01.0.1 
{02.9.' 

+ bo- 
{0i.8.' 

{0^:ii: 



ao -0.1+ bo - 

{01.4. <; 

{02.'ll. 



0i'l4.02.'ll.02.'5}. {02.9.02.15}. {02.7.02.13}. {02.11.02.5}. {02.7' 02.13}. {02.11.02.5}. 
02.3}. {02.'9.02.3}. {02.'7.02.l}. {03.6.03.10.03.2}, {03.4,03.8,03.12} 

- 61 + Co - C2 = 

0i.l8. 02.9. 02.3}. {02.9.02.15}. {02.7.02.13}. {02.11.02.5}. {02.7' 02.13}' {02.11 ' 02.5}' 

02.3}' {02. '11 '02. '5}' {02.'7'02.l}. {03.6.03.10.03.2}, {03.4,03.8,03.12} 

■ &2 - Co + C2 = 

01.'l4. 02.11. 02.5}. {02.9.02.15}. {02.7.02.13}. {02.11.02.5}. {02.7.02.13}. {02.9.02.3}. 
02.5}. {02.9. 02.3}. {02'.'7.02,l}. {03.6.03.10.03.2}, {03.4,03.8,03.12} 

&2 + Ci - C2 = 

il.22,0J,V. 02.13}. {02.9.02.15}. {02.7.02.13}. {02.11.02.5}. {02.11.02.5}. {02.9.02.3}. 

02.5}. {02.9. 02.3}. {02'.'7.02.l}. {03.6,03.10,03.2}, {03.4,03.8,03.12} 



ao — ai + 60 
{01.0 

{02','ll.02','5}. {02.9. 02.3}. {02','7.02,l}, {03.6,03.10,03.2}, {03.4,03.8,03.12} 



^2 + Co — Ci = 

^1.18. 02.9. 02.3}. {02.9.02.15}, {02.7.02.13}. {02.11.02.5}. {02.7- 02.13}. {02.11.02.5}. 
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ao — ai + bo + bi - 262 - 2co + ci + C2 = 

{'/''l'l4'<^2'.'ll'<A2'5''?^3,4,(/'3,8,</'3,12}, {</>2,9, 02,15}, {</'2,7' </'2.13}' {'?^2,11 ' '^2.5}' {<^2,7' "^^Ms}' 
W2,ll.<?^2,5}. ^2,9-9^2,3}' W2,'9'<^2,3}. {^'T-^^a.l}, {03.6, felO, 03,2} 

ao — ai + bo + bi — 262 + cq — 2ci + C2 = 

{01,18'02,'9'02,3'03,4,03,8,03,12}, {02,9,02,15}, {02.7,02,13}' {02.11,02,5}' {02,7' "^2,13}' 
{02,11 '02,5}' {02,9' 02,3}' {02,'ll'02,'5}' {02,'7' 02.l}, {03,6,03,10,03,2} 

ao — ai + bo + bi — 262 + cq + ci — 2c2 = 

{01,22, 02"7, 02,1' 03,4, 03,8, 03,12}, {02 9,02,15}, {02 7'02 13}' {02 11'02 5}' {02 7'02 13}' 
{02^11 '02%}' {02,9' 02,3}' {02^1 '02','5}' {02,9' 02,3}'' {03.6' 03,10, 03,2} ' 

ao — ai + 2bo - fei — 62 - cq — ci + 2c2 = 

{01,8' 02,11' 02,5' 03.6' 03,10, 03,2}, {02,9,02,15}, {02,7,02,13}' {02,7' '^2,13}' {02,11 ' 02,5}' 
{02,9' 02,3}' {02,'ll'02,'5}' {02,9' 02,3}' {02,'7' 02,l}' {03,4,03,8,03,12} 

ao — ai + 2bo — bi — 62 — co + 2ci — C2 = 

{0i4'02 7' 02 13' 03,6, 03,10, 03,2}, {02 9,02,15}, {02 11-02 5}' {02'7'02 13}' {02,11 ' 02,5}' 
{02,9' 02^3}' {02,'ll'02,'5}' {02,9 ' 02.3}' {02.'7' 02.l}' {03.4,03.8,03.12} 

ao — ai + 2bo — bi — 62 + 2co — ci — C2 = 

{01.0,02.9,02.15,03.6,03.10,03.2}, {02.7' 02.13}' {02.11 ' 02.5}' {02.7' '^2.13}' {02,11 ' 02,5}' 
{02,9'0'2,3}' {02,'ll'02,'5}' {02,9' 02,3}' {02,'7' 02,l}' {03.4,03.8,03.12} 

Now, the generic Hecke algebra of Gq is 

HiGe) = <V,W \ VWVWVW = WVWVWV, 

{V - xo){V - xi) = 
{W - zo){W - zi){W -Z2) = 0> 

As we can see in leinina[T]of the Appendix, TC(Gq) is isomorphic to the subalgebra 
A :=< S,U > oi the following specialization of 7i{G7) 

A := <S,T,U \ STU = TUS = UST.T^ = 1 
(5-xo)(5-xi) = 
(C/-zo)([/-zi)(C/-Z2) = 0> 

The algebra A is the twisted symmetric algebra of the cyclic group C3 over the 
symmetric subalgebra A and the block-idempotents of A and A coincide for all 
further specializations of the parameters. If we denote by (p the characters of A 
and by ip the characters of A, we have 

Ind4((?:>i,o) = -01,0 + '01,4" + ■01,8'" Ind4(0i,4) = ■0i,4' + Vl,8" + "01,12" 

Ind t(0i,8) = -01,8' + ^^1,12' + "01,16 Ind t(0i,6) = ^1,6 + V'l.lO" + V'l.M"' 

Ind t(0i,io) = -01,10' + ^i,iA" + V'l.is" Ind t(0i,i4) = ^1,14' + V'l.is' + V'1,22 

IndT(02,5") = -02,9' + ^^2,13" + V'2,5'" IndT(02,3") = ^2,7' + '02,11" + V'2,3" 

IndT(02,3') = -02,11' + ^^2,7'" + '02,3' IndT(02,7) = ^^2,7" + ^^2,11'" + ^2,15 

IndT(02,l) = '02,9" + V'2,5' + '02,1 IndT(02,5') = ^^2,9'" + '02,13' + '02,5" 

Ind^(03,2) = '03,6 + '03,10 + V'3,2 Ind^(03,4) = "03,4 + V'3,8 + ^^3,12 

Let (^ be a cyclotomic specialization of 7i{Gj) with 

(t>(xi) = Q\x'^\ct>[zu) = Qlx'K 
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It corresponds to the cyclotomic specialization (j)' oi7i{Gj) with 

Therefore, the essential hyperplanes for Gg are obtained from the essential hyper- 
planes for Gj by setting 60 = &i = 62 = and the non-trivial Rouquier blocks 
associated with each are: 

No essential hyperplane 

{02,5' <?^2.7}. {'^2.3. <^2.5}.{<?i2,3.</'2,l} 

ci - C2 = 

{01,4,01,8}, {01,10,01,14}, {02,5' 02,7}, {02,3' 02,3' 02,1 ' 02,5} 

CO - Ci = 

{01,0,01,4}, {01,6, 01, lo}, {02,5' 02,3' 02,7, 02,5}' {02,3' 02, l} 

CO - C2 = 

{01,0,01,8}, {01,6,01,14}, {02_5, 02,3, 02,7, 02, l}, {02,3' 02,5} 

ao - ai — 2co + ci + C2 = 

{01,6, 0^',5, 02,7, 03,4}, {0^',3' 02,5)' {02,3' 02.l} 

ao - ai + Co - 2ci + C2 = 

{01,10, 02,3' 02,5' 03,4}, {02,5' 02,7}, {02,3' 02, l} 

ao — ai + CO + ci - 2c2 = 

{01,14,02,3,02,1,03,4}, {02,5,02,7}, {02,3' 02,5} 

ao — ai — CO — ci + 2c2 = 

{01,8,0^,3,02,1,03,2}, {0^',5,02,7}, {0^',3'02,5} 

ao — ai — CO + 2ci — C2 = 

{01,4, 0^',3, 0^,5, 03,2}, {0^',5,02,7}, {0^,3' 02,l} 

ao — ai + 2co - ci - C2 = 

{01.0, 02,5' 02,7, 03,2}, {02,3' 02,5}' {02,3' 02. l} 

ao — ai — Co + ci = 

{01,4, 01,6, 02,3' 02, 1}, {02,5' 02,7}, {02,3' 02,5} 

ao — ai — ci + C2 = 

{01,8, 01,10, 02,5' 02,7}, {02,3' 02,5}' {02,3' 02.l} 

ao — ai + CO — C2 = 

{01,0,01,14,02,3,02,5}' {02,5' 02.7}, {02,3' 02, l} 

ao — ai — Co + C2 = 

{01,8, 01,6, 0^'.3, 0^,5}, {0^',5,02,7}, {0^,3,02,1} 

ao — ai + ci — C2 = 

{01,4,01,14,02,5,02,7}, {02,3' 02,5}' {02,3' 02. l} 

ao — ai + CO — ci = 

{01,0, 01,10, 02,3' 02, 1}, {02,5' 02,7}, {02,3' 02,5} 

ao — ai = 

{01,0,01,6}, {01,4, 01, 10}, {01,8,01,14}, {02,5,02,7}, {02,3' 02,5}' {02,3' 02, l}, {03,2,03,4} 
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Since it will take too many pages to describe the Rouquier blocks as- 
sociated with all essential hyperplanes of all exceptional complex reflection 
groups, we have stored these data in a computer file and created two GAP 
functions which display them. These functions are called "AllBlocks" and 
"DisplayAllBlocks" and they can be found on my webpage 

http: //www. math, jussieu.fr/r^chlouveraki 

Let us give an example of their use for the group G4. 

Example 5.3.2 " gap> " is the GAP prompt 

gap> W:=ComplexRef lectionGroup(4) ; 

#creates the group W 

gap> DisplayAllBlocks (W) ; 

No essential hyperplane 

[["phi{l,0}"] , ["phi{l,4}"] , ["phi{l,8}"] , ["phi{2,5}"] , 

["phi{2,3}"] , ["phi{2,l}"] , ["phi{3,2}"]] 

c_l-c_2=0 

[["phi{l,0}"] , ["phi{l,4}","phi{l,8}","phi{2,5}"] , 

["phi{2,3}","phi{2,l}"] , ["phi{3,2}"]] 

c_0-c_l=0 

[["phi{l,0}","phi{l,4}","phi{2,l>"] , ["phi{l,8}"] , 

["phi{2,5}","phi{2,3}"] , ["phi{3,2}"]] 

c_0-c_2=0 

[["phi{l,0}","phi{l,8}","phi{2,3}"] , ["phi{l,4}"] , 

["phi{2,5}","phi{2,l}"] , ["phi{3,2}"]] 

2c_0-c_l-c_2=0 

[["phi{l,0}" , "phi{2,5}" , "phi{3,2}"] , 

["phi{l,4}"] , ["phi{l,8}"] , ["phi{2,3}"] , ["phi{2,l>"]] 

c_0-2c_l+c_2=0 

[["phi{l,0}"],["phi{l,4}","phi{2,3}","phi{3,2}"], ["phi{l,8}"] , 

["phi{2,5}"],["phi{2,l}"]] 

c_0+c_l-2c_2=0 

[["phi{l,0}"],["phi{l,4}"],["phi{l,8}","phi{2,l}","phi{3,2}"], 

["phi{2,5}"],["phi{2,3}"]] 

# displays all essential hyperplanes for W and the Rouquier blocks associated with 
each 
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gap> AllBlocks(W) ; 

[rec( cond:=[ ] , 

block: = [[l],[2],[3] 

rec( cond:= [0,1,-1] 

block:=[[l] , [2,3,4] 

rec( cond:= [1,-1,0] 

block:=[[l,2,6] , [3] 

rec( cond:= [1,0,-1] 

block: = [[l,3,5] , [2] 

rec( cond:=[2,-l,-l] 

block: = [[l,4,7],[2] 

rec( cond:=[l,-2, 1] 

block:=[[l] , [2,5,7] 

rec( cond:=[l,l,-2] ^ 

block: = [[l] , [2] , [3,6,7] , [4] , [5]])] 



[4], [5], [6], [7]]), 

[5, 6], [7]]), 

[7]]), 

[7]]), 

[5], [6]]), 

[4], [6]]), 



[4,5] 
[4,6] 
[3] 
[3] 



# displays the same data in a way easy to work with: the essential hyperplanes are 
represented by the vectors cond (such that cond*[co, ci, C2] = is the corresponding 
essential hyperplane and cond:= [ ] means "No essential hyperplane") and the 
characters are defined by their indexes in the list "CharNames(VF)": 

gap> CharNcLmes(W) ; 

[ "phi{l,0}", "phi{l,4}", "phi{l,8}", "phi{2,5}", 
"phi{2,3}", "plii{2,l}", "phi{3,2}" ] 



Let W be an exceptional irreducible complex reflection group. Since we 
have the Rouquier blocks associated with all essential hyperplanes for W, we 
have created the function "RouquierBlocks" which calculates the Rouquier 
blocks of any cyclotomic Hecke algebra associated with W. Given a cyclo- 
tomic specialization ucj 1— > CL^^^'^ ) this function checks to which essential 
hyperplanes the ric^j belong and returns the blocks obtained as unions of the 
Rouquier blocks associated with these hyperplanes. 

The function "RouquierBlocks" along with the function "DisplayRouquier 
Blocks" (the first returns the characters' index in the list "CharNames(W^)", 
whereas the second returns their name) can be also found on my webpage. 
Before we give an example of their use, let us explain how we create a cyclo- 
tomic Hecke algebra in GAP with the use of the package CHEVIE (we copy 
here the relative part in the GAP manual, which can be found on J.Michel's 
webpage http://www. math.jussieu.fr/r^jmichel) : 

The command "Hecke(H^, para)" returns the cyclotomic Hecke algebra 
associated with the complex reflection group W. The following forms are 
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accepted for para: if para is a single value, it is replicated to become a list 
of same length as the number of generators of W. Otherwise, para should 
be a list of the same length as the number of generators of W, with possibly 
unbound entries (which means it can also be a list of lesser length). There 
should be at least one entry bound for each orbit of reflections, and if several 
entries are bound for one orbit, they should all be identical. Now again, an 
entry for a reflection of order e can be either a single value or a list of length 
e. If it is a list, it is interpreted as the list [uo, ..., We-i] of parameters for that 
reflection. If it is a single value q, it is interpreted as the partly specialized 
list of parameters [g, E(e), ..., E(e)^~^] (in GAP, E(e) represents Ce)- 

Let us now give an example of the definition of a cyclotomic Hecke algebra 
and the use of the functions "RouquierBlocks" and "Display Rouquier Blocks" 
on it. 

Example 5.3.3 The generic Hecke algebra of G4 is 

n{G4) = <S,T\ STS = TST, {S - xo){S - xi){S - X2) = 

{T - xo){T - xi){T - X2) = > 

If we want to calculate the Rouquier blocks of the cyclotomic Hecke algebra 

n^ = <S,T\ STS = TST, (S - l)iS - C3x)iS - Cix^) = 

(r-i)(r-C3x)(r-c|x2) = o> 

we use the following commands: 

gap> W:=ComplexRef lectionGroup(4) ; 

gap> H:=Hecke(W, [[l,E(3)*x,E(3) "2*x~2]] ) ; 

^ here the single value [1, E(3) *x, E(3)^ *a;^] is interpreted, according to the rules, 
as [ [1, E(3) * X, E(3)2 * x^], [1, E(3) * x, E(3)2 * x^] ] 

gap> RouquierBlocks (H) ; 

[ [ 1 ], [ 2, 5, 7 ], [ 3 ], [ 4 ], [ 6 ] ] 

gap> DisplayRouquierBlocks(H) ; 

[["phi{l,0}"] , ["phi{l,4}","phi{2,3}","phi{3,2}"] , 

["phi{l,8}"] , ["plii{2,5}"] , [ "phi{2,l}"]] 

5.4 Essential hyperplanes 

We have checked for all exceptional complex reflection groups that the p- 
Rouquier blocks associated with no or some p-essential hyperplane {i.e., the 
blocks of Ap/H or A^j^jTi respectively) are fixed by the action of the Galois 
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group Gal(i^/Q). This implies that if a hyperplane is p'-essential for W for 
some prime ideal p' lying over a prime number p, then it is p-essential for all 
prime ideals p lying over p. Therefore, we can talk about determining the 
p-essential hyperplanes for W, where p is a prime number dividing the order 
of the group. 

Example 5.4.1 The prime numbers which divide the order of the group Gj are 
2 and 3. The essential hyperplanes for Gj are aheady given in example l5.3.1l (note 
that different letters represent different hyperplane orbits). 

The only 3-essential hyperplanes for Gj are: 

Ci - C2 = 0, Co - Ci = 0, Co - C2 = 

5i - 62 = 0, bo-bi = 0, bo-b2 = 
All its remaining essential hyperplanes are strictly 2-essential. 

Prom these, we can obtain the p-essential hyperplanes (where p = 2,3) 

• for Gq by setting 60 = 61 = 62 = 0, 

• for G5 by setting oo = ai = 0, 

• for G4 by setting ao = ai = 60 = ^1 = ^2 = 0. 

For the p-essential hyperplanes of the other groups, the reader may refer 
to my webpage and use the function "EssentialHyperplanes" which is applied 
as follows 

gap> EssentialHyperplanes (W,p) ; 

and returns 

• the essential hyperplanes for W, ii p = 0. 

• the p-essential hyperplanes for W, if p divides the order of W. 

• error, if p doesn't divide the order of W. 

Example 5.4.2 

gap> W:=ComplexRef lectionGroup(4) ; 

gap> EssentialHyperplanes (W, 0) ; 

c_l-c_2=0 

c_0-c_l=0 

c_0-c_2=0 
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2c_0-c_l-c_2=0 

c_0-2c_l+c_2=0 

c_0+c_l-2c_2=0 

gap> EssentialHyperplaiies(W,2) ; 

2c_0-c_l-c_2=0 

c_0-2c_l+c_2=0 

c_0+c_l-2c_2=0 

c_0-c_l=0 

c_l-c_2=0 

c_0-c_2=0 

gap> EssentialHyperplanes(W,3) ; 

c_l-c_2=0 

c_0-c_l=0 

c_0-c_2=0 

gap> EssentialHyperplanes(W,5) ; 

Error, The number p should divide the order of the group 

Remark: For the groups Gu, G22, G23, G24, G27, G29, G^o, G^i, G33, G34, 
G35, G3Q, 6*37 the only essential hypeplane is Oq = Oi, which is p-essential for 
all the prime numbers p dividing the order of the group. 
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Appendix 



Let W he a complex reflection group and let us denote by TC{W) its generic 
Hecke algebra. Suppose that the assumptions 14.2.2] are satisfied. Let W be 
another complex refiection group such that, for some specialization of the 
parameters, TC(W) is the twisted symmetric algebra of a finite cyclic group 
G over the symmetric subalgebra 7i{W'). Then, if we know the blocks of 
TC{W), we can use propositions 12.3.131 and [?.3.18l in order to calculate the 
blocks oiniW). 

Moreover, in all the cases that will be studied below, if we denote by x' the 
(irreducible) restriction to T-C{W') of an irreducible character x £ Ity{TC{W)), 
then the Schur elements verify 



\W : W'\s^,. 



Therefore, if the Schur elements of 7i{W) verify theorem 14. 2. 5^ so do the 
Schur elements of H{W'). 



The groups G4, G5, Gq, G-j 

The following table gives the specializations of the parameters of the generic 
Hecke algebra H{Gy), (xq, Xi; yo, yi, 7/2; Zq, Zi, Z2), which give the generic Hecke 
algebras of the groups G4, G^ and Gq ([29], Table 4.6). 



Group 


Index 


S 


T 


U 


G7 


1 


Xq,Xi 


Z/O, Z/l, 2/2 


Zq, Zi,Z2 


G, 


2 


1,-1 


2/0,2/1,2/2 


Zq, Zi,Z2 


G, 


3 


Xo, Xi 


1,C3,C| 


Zq, Zi,Z2 


G, 


6 


1,-1 


1,C3,C| 


Zq, Zi,Z2 



Specializations of the parameters for 7i{G-j 
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Lemma 1 

• The algebra l-L{G-j) specialized via 

(xo, xi; I/O, 1/1,1/2; ^0, zi, Z2) ^ (1, -1; 1/0, l/i, I/2; ^0, ^1, ^2) 

is the twisted symmetric algebra of the cyclic group C2 over the symmet- 
ric subalgebra 1-L{G^) with parameters (1/0,1/1,1/2; -^o, -^i, -22)- The block- 
idempotents of the two algebras coincide. 

• The algebra l-L{G-j) specialized via 

(xo, xi; I/O, Vu 1/2; ^0, zi, Z2) ^ {xo, xi; 1, (3, C|; ^0, ^1, ^2) 

is the twisted symmetric algebra of the cyclic group C3 over the sym- 
metric subalgebra 1-L{Gq) with parameters (a;o,Xi; Zo, -Zi, -22)- The block- 
idempotents of the two algebras coincide. 

• The algebra ^-[{Gq) specialized via 

{xo, xi] zo, zi, Z2) ^ (1, -1; zq, zi, Z2) 

is the twisted symmetric algebra of the cyclic group C2 over the symmet- 
ric subalgebra H^Gi) with parameters {zq, Zi, Z2) ■ The block-idempotents 
of the two algebras coincide. 

Proof: We have 

n{G7) = <S,T,U \ STU = TUS = UST 

{S - xo){S - X,) = 
(r-yo)(r-yi)(r-y2) = 

(U - zo){U - zi)iU - Z2) = > 

• Let 

A := <S,T,U \ STU = TUS = UST, S^ = 1 

{T - yo){T - yi){T - y2) = 
{U - zo){U - zi){U - Z2) = > 



and 



Then 



A:=<T,U > . 



A = A® SA and A ^ rL{G^ 
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• Let 

and 
Then 

• Let 

and 
Then 



A := <S,T,U \ STU = TUS = UST,T^ = 1 
{S - xo){S - xi) = 
{U - zo){U - zi){U - Z2) = > 

A:=<S,U> . 

2 

A = TM and A ~ n{Ge). 

i=0 

A := <S,U \ SUSUSU = USUSUS, 5^ = 1 

{U - zo){U - zi){U - Z2) = > 

A :=< U, SUS > . 
A = A® SA and A ^ n{Gi). 



The Schur elements of all irreducible characters of l-i{Gj) are calculated 
in [29j and they are obtained by permutation of the parameters from the fol- 
lowing ones (for an explanation concerning the notations of characters, see 
section 4.3): 

■501,0 = ^i{xolxi) ■ ^i{xoy^z^/xiyiy2ZiZ2) ■ $i(2/o/yi) • *i (2/0/2/2) • $1(^0/21) • $1(2:0/22) • 
^lixoyozo/xiyizi) ■ ^i{xoyQZQ/xiyiZ2) ■ ^i{xoyQZQ/xiy2Zi) ■ ^iixoyQZQ/xiy2Z2) 

S02 9, = 2y2/yo*i(yo/2/i) • *i(2/2/yo) • ^i{zi/zo) ■ $i(z2/zo) • ^i{r/xoyoZo) ■ ^i{r/xoy2Zi) ■ 
^iir/xoy2Z2) ■ ^i{r/xiyoZo) ■ ^i{r/xiy2Zi) ■ $i(r/xiy2Z2) 
where r — y^XQXiyiy2ZiZ2 

■503,6 = i^i{xi/xa)-^i{xQyoZo/r)-^i{xoyQZi/r)-^i{xoyaZ2/r)-^i{xoyiZo/r)-^i{xoyiZi/r)- 
^i{xoyiZ2/r) ■ ^i{xoy2Zo/r) ■ $i(xoj/22i/r) • ^i{xoy2Z2/r) 
where r = ^a:ga:iyoJ/iJ/2 20^122 

Following theorem 14.2.31 and [30 j, Table 8.1, if we set 

XP:={C2r% (z = 0,l), 
Yl' :={(;)-' y, (j =0,1,2), 
Zl':=iC,yhk (A; = 0,1, 2), 
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then Q(Ci2)(-^05 -^1; ^0; Yi, Y2, Zq, Zi, Z2) is a splitting field for H{Gj). Hence 
the factorization of the Schur elements over that field is as described by 
theorem 14.2.51 



The groups Gg, Gg, Gio, Gn, Gu, Gu, Gu, G 



15 



The following table gives the specializations of the parameters of the generic 
Hecke algebra H{Gu), (xq, Xi; yo, yi, 7/2; Zq, Zi, Z2, -23), which give the generic 
Hecke algebras of the groups Gs, ■ ■ ■ , G15 ([22], Table 4.9). 



Group 


Index 


S 


T 


u 


Gn 


1 


Xo,Xi 


1/0,1/1,1/2 


^0, ^1, ^2, ^3 




Gio 


2 


1,-1 


1/0,1/1,1/2 


^1 , ^1 , 2^2 , Z3 




Gi5 


2 


Xo,Xi 


1/0,1/1,1/2 


^/Uo, ^/Ul, —^/Uo, - 


-^mT 


G, 


3 


XcXi 


1,C3,C| 


Zo,Zi,Z2,Z^ 




Gl4 


4 


xo,a;i 


1/0,1/1,1/2 


l,z,-l,-z 




Gs 


6 


1,-1 


1,C3,C| 


^0, ^1, ^2, Z'i 




Grs 


6 


Xq, Xi 


1,C3,C| 


y/U^, /UT, -v/%, - 


-y^ 


G12 


12 


Xq, Xi 


1,C3,C| 


l,z,-l,-z 





Specializations of the parameters for TiiGu) 
Lemma 2 

• The algebra Ti^Gu) specialized via 

{xo, Xi, yo, yi, 7/2; Zq, zi, Z2, z^) t-^ (1, -1; yo, yi, 2/2; Zq, Zi, Z2, Z3) 

is the twisted symmetric algebra of the cyclic group G2 over the sym- 
metric subalgebra H{Gio) with parameters {yo, yi, 1/2; zq, zi, Z2, -23). The 
block-idempo-tents of the two algebras coincide. 

• The algebra 7i{Gii) specialized via 

(xo, xi; yo, yi, 1/2; zq, zi, Z2, z^) ^ {xo, xi, 1, (3, C|; zq, zi, Z2, z^) 

is the twisted symmetric algebra of the cyclic group C3 over the symmet- 
ric subalgebra H{Gq) with parameters {xo,xi; zo,zi,Z2,Z3). The block- 
idempotents of the two algebras coincide. 

• The algebra Hi^Gg) specialized via 

[xq, Xi] Zo, Zi, Z2, Z3) t-^ (1, —1; zq, Zi, Z2, z^) 

is the twisted symmetric algebra of the cyclic group G2 over the sym- 
metric subalgebra TC{Gs) with parameters {zq, zi, Z2, z^) . The block- 
idempotents of the two algebras coincide. 
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The algebra TiiGn) specialized via 

(xo, xi] I/O, 1/1, 1/2; zq, zi, ^2, ^3) ^ (a^o, a^i; 1/0, |/i, 1/2; 1, h -1, -^ 

is the twisted symmetric algebra of the cyclic group C4 over the sym- 
metric subalgebra 7i{GM) with parameters {xq, Xi; yo, yi,y2)- The block- 
idempotents of the two algebras coincide. 

The algebra 7i{Gi4) specialized via 

{xo, xi; yo, yi, t/2) ^-^ (xq, xi, 1, Cs, C|) 

is the twisted symmetric algebra of the cyclic group C3 over the symmet- 
ric subalgebra 7i{G 12) with parameters {xq,Xi). The block-idempotents 
of the two algebras coincide. 

The algebra 7i{Gii) specialized via 

(xo, Xi] yo, 1/1,1/2; zo, zi, Z2, Z3) ^-* (xo, Xi; yo, yi, 1/2; y/u^, \fu{, -^0, -\fu'\) 



is the twisted symmetric algebra of the cyclic group G2 over the sym- 
metric subalgebra TiiGi^) with parameters {xq, Xi, yo, yi, 1/2; Uq, Ui). The 
block-idempotents of the two algebras coincide. 

• The algebra l-L{Gi^) specialized via 

{xo, xi] yo, yi, 1/2; mo, mi) ^ {xo, xi, 1, (3, C|; mo, ui) 

is the twisted symmetric algebra of the cyclic group C3 over the sym- 
metric subalgebra 7i{Gi3) with parameters {xo,Xi;uo,Ui). The block- 
idempotents of the two algebras coincide. 

Proof: We have 

H(Gii) = <S,T,U\ STU = TUS = UST 

{S - xo){S - xi) = 
(T-yo)(T-yi)(T-y2) = 
{U - zo){U - zi){U - Z2){U - Z3) = > 

• Let 

A := <S,T,U \ STU = TUS = UST, S^ = 1 
(T-yo)(T-yi)(T-y2)=0 
(U - zo){U - zi){U - Z2){U - Z3) = > 



and 
Then 



A:=<T,U > . 

A® SA and A c^n{G 10) 
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• Let 

A := <S,T,U \ STU = TUS = UST, T^ = 1 
{S - xo){S - xi) = 
(U - zo){U - zi){U - Z2){U - Z3) = > 

and 

A:=<S,U > . 

Then 

2 

A = TM and A ~ ^(Gg). 

i=0 

• Let 

A := <S,U \ SUSUSU = USUSUS, 5^ = 1 

{U - zo){U - zi){U - Z2){U - ^3) = > 



and 
Then 

Let 

and 
Then 

Let 

and 
Then 



A:=< U,SUS> . 
A = A® SA and A 2^ HiGs). 

A := <S,T,U \ STU = TUS = UST, U^ = 1 
{S - xo){S - xi) = 
{T - yo){T - yi){T - y2) = > 

A:=<S,T> . 



A = ^U'A and A ~ n{Gu) 

i=0 



A := <S,T \ ST ST ST ST = T ST ST ST S, T^ = 1 
{S-xo){S-xi) = 0> 



A:=<S,TST^,T^ST> . 



^ = TM and A ~ HiGu) 

i=0 
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• Let 

A := <S,T,U\ STU = TUS = UST 

{S - xo){S - xi) = 

{T - yo){T - y,){T - y2) = 

(C/2-uo)(C/2-ni) = 0> 



and 
Then 

• Let 



A:=<S,T,U' > . 

A = A® UA and A ^ 7i{Gi^] 



A := < C/2, S, T I STU^ = U^ST, U^STST = TU^STS, T^ = 1 
{S - xo){S - xi) = 

([/2-Uo)(t/2-Mi) =0> 

and 

A:=< U^,S,T^ST> . 

Then 

2 

^ = TM and A ~ ^(Gis). 

j=0 



The Schur elements of all irreducible characters of 7i(Gii) are calculated 
in [29] and they are obtained by permutation of the parameters from the 
following ones: 

■501,0 = ^i{3^a/xi)-^iiya/yi)-^iiyo/y2)-^i{za/zi)-^i{zQ/z2)-^i{za/z3)-^i{xoyozo/xiyizi)- 
^i{xoyoZo/xiyiZ2) ■ ^lixoyozo/xiyiz^) ■ ^i{xoyoZo/xiy2Zi) ■ ^i{xoyoZo/xiy2Z2) ■ 
^i{xoyoZo/xiy2Z3)-^i{xoyoZ^/xiyiy2ZiZ2)-^i{xoy'^z^/xiyiy2ZiZ3)-^i{xQy^z^/xiyiy2Z2Z3) 
^i{xlylzl/x\yiy2ZiZ2Z3) 

S02_i = -2zi/zo$i(yo/2/2) • $1(2/1/2/2) ■ $1(2:0/^2) • '^i{zo/z3) ■ $i(zi/z2) • '^lizi/z^) ■ 
$1(2/0^0^1/2/2^2^3) • $1(2/1^021/2/2222:3) • $1(^/2:02/222) • $i(»-/a;o2/223) ■ $i(»^/a;iy222) • 
^i{r/xiy2Z3) ■ $i(r/a;o2/o2i) • $i(r/a;o2/i2i) • $i(r/a;iyo2i) • ^i(r/xiyizi) 
where r = ^XQXiyayiZaZi 

S03_2 = 3$i(xi/a;o) • $1(21/23) • $1(22/2:3) • $1(20/23) • $i(r/a;iyo23) • ^lir/xiyiz^) ■ 
$i(r/.Tij/223) • ^i{xayoZo/r) ■ $i(xo2/o2i/r) • $i(a;o2/o22/r-) • $i(a;o2/i2o/r) • 
$1(3:02/1 2i/r) • $i(a;o2/i22/r) • $1 (2:02/2 20/r) • $i(a;o2/22i/r) • $i(xo2/2 22/»-) 
where r = -^x^a;iyo2/i2/2 202122 
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■s</.4,2i = -4$i(2/o/yi)-*i(z/o/z/2)- ^i{r/xoyoZo)-^i{r/xiyQZQ)-^i{xoyoZi/r)-^i{xoyoZ2/r) 
^i{xoyaZ3/r) ■ ^i{xiyoZi/r) ■ ^i{xiyoZ2/r) ■ ^lixiyaz^/r) ■ 
^lixoxiyoyizozi/r'^) ■ ^i{xoXiyoyiZoZ2/r'^) ■ ^lixoxiyoyizoz^/r'^) ■ 
^i{xoXiyoy2ZoZi/r'^) ■ ^i{xoXiyoy2ZoZ2/r'^) ■ ^iixoXiyoy2ZoZ3/r'^) 
where r = ^xlxly'^yiy2ZoZiZ2Z3 

Following theorem 14.2.31 and [30], Table 8.1, if we set 





:=(C2)-^x, (2 = 0,1), 


Y^ 


= (C3)-^%- (j = 0,1,2), 


zf 


= {Ur''zu (fc = 0,l,2,3) 



then Q{C24)iXo, Xi,Yo,Yi,Y2, Zq, Zi, Z2, Z3) is a splitting field for H{Gii). 
Hence the factorization of the Schur elements over that field is as described 
by theorem 14.2.51 



The groups Giq, Gu, Gig, Gig, G20, G21, G 



22 



The following table gives the specializations of the parameters of the generic 
Hecke algebra H{Gig), (xq, Xi, i/o, 2/1, 1/2; zq, zi, Z2, z^, Z4), which give the generic 
Hecke algebras of the groups Giq, . . . , G22 ([29J, Table 4.12). 



Group 


Index 


S 


T 


U 


Gig 


1 


Xo,a;i 


I/O, 2/1, 2/2 


Zq, Zi, Z2, Z^, Z/i 


Gis 


2 


1,-1 


2/0,2/1,2/2 


2^0, ^1, ^2, 2:3, Z/i 


Gir 


3 


Xo,Xi 


1,C3,C| 


ZQi Z\, Z2, Z3, Z4 


G21 


5 


Xo,Xi 


2/0,2/1,2/2 


1, C5, C5, C5, C5 


GlQ 


6 


1,-1 


1,C3,C| 


ZQ} Zi, Z2, Z3, Z4 


G20 


10 


1,-1 


2/0,2/1,2/2 


1, C5, C5, C5, C5 


^22 


15 


Xo,Xi 


1,C3,C| 


1, Cs, C5, C5, C5 



Specializations of the parameters for 7i{Gig) 
Lemma 3 

• The algebra Ti.{Gig) specialized via 

(xo, xi, yo, yi, 1/2; zq, zi, Z2, Z3, z^) ^ (1, -1; yo, 2/i, 2/2; ^0, ^i, ^2, ^s, z^) 

is the twisted symmetric algebra of the cyclic group G2 over the symmet- 
ric subalgebra TC{Gis) with parameters {yo, yi, 1/2; zq, z\, Z2, -23, -24). The 
block-idempotents of the two algebras coincide. 
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• The algebra TUGiq) specialized via 

(a^O, Xi] yo,yi, 1/2] Zq, Zi, Z2, Z3, Z^) 1— > {xq,Xi] 1, Cs, CsJ Zq, Zi, Z2, Z3, Z4) 

is the twisted symmetric algebra of the cyclic group C3 over the sym- 
metric subalgebra 7i{Gn) with parameters {xq, Xi, Zq, Zi, Z2, -23, Z4). The 
block-idempotents of the two algebras coincide. 

• The algebra l-L{Gi-j) specialized via 

(xo,a;i; zq, zi, Z2, z^, z^) t-^ (1, —1; Zq, Zi, Z2, z^, Z4) 

is the twisted symmetric algebra of the cyclic group C2 over the sym- 
metric subalgebra 7i{GiQ) with parameters (2:0, -Zi, ,22, -23, -24). The block- 
idempotents of the two algebras coincide. 

• The algebra 7i{GiQ) specialized via 

{xo, Xi; I/O, 1/1,1/2; zo, zi, Z2, Z3, Z4) h^ (xo, Xi; yo, yi, y2, 1, Cs, Ch C|, C5) 

is the twisted symmetric algebra of the cyclic group C5 over the sym- 
metric subalgebra 7i(G'2i) with parameters (xq, xi; |/o, l/i, 1/2)- The block- 
idempotents of the two algebras coincide. 

• The algebra 7i{G2i) specialized via 

(xo, xi; I/O, 1/1, ^2) ^ (1, -1; 1/0, 1/1, 1/2) 

is the twisted symmetric algebra of the cyclic group G2 over the symmet- 
ric subalgebra 7i{G2o) with parameters {yo, yi, 1/2) ■ The block-idempotents 
of the two algebras coincide. 

• The algebra 'H{G2i) specialized via 

(xo, xi; I/O, 1/1, 1/2) *-^ (a^o, Xi, 1, (3, C|) 

is the twisted symmetric algebra of the cyclic group C3 over the symmet- 
ric subalgebra l-i{G 22) with parameters (xo,Xi). The block-idempotents 
of the two algebras coincide. 

Proof: We have 

H(Gi9) = <S,T,U \ STU = TUS = UST 

{S - xo){S - X,) = 
(r-yo)(T-yi)(r-y2) = 
{U - zo){U - zi)iU - Z2){U - Z3){U - Z4) = > 
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• Let 

A := <S,T,U \ STU = TUS = UST, S^ = 1 
{T - yo){T - yi){T - y2) = 

(U - Zo){U - Zi){U - Z2){U - Z3)iU - Z4) = > 

and 

A:=<T,U> . 

Then 

A = A® SA and A c^ n{Gis)- 



Let 



A := <S,T,U \ STU = TUS = UST, T^ = 1 
{S - xo){S - xi) = 

(U - Zo){U - Zi){U - Z2){U - Zs)iU - Z4) = > 



and 
Then 



A:=<S,U> . 

2 

A = ri and A ~ n{Gi7). 



i=Q 



• Let 



A := <S,U \ SUSUSU = USUSUS, S^ = 1 

(U - Zo){U - Zi){U - Z2){U - Zs){U -Z4) = 0> 



and 
Then 

Let 

and 
Then 



A :=< U, SUS > . 

A = A® SA and A ^ n{GiQ). 

A := <S,T,U \ STU = TUS = UST, U^ = 1 
{S - xo){S - xi) = 
{T - yo){T - y,){T - y2) = > 

A:=<S,T> . 

4 

A = ^WA and A ~ n{G2i). 

i=0 
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• Let 

and 
Then 

• Let 

and 
Then 



A := <S,T \ ST ST ST ST ST = T ST ST ST ST S, S^ = 1 
{T - yo){T - y,){T - y2) = > 

A:=<T,STS> . 

A = A® SA and A ^ n{G2o). 



A := <S,T \ ST ST ST ST ST = TSTSTSTSTS,T^ = 1 
{S - xo){S - xi) = > 



A:=< S,TST'^,T'^ST> . 

2 

A = ri and A ~ niG22)- 



i=0 



The Schur elements of all irreducible characters of TC{Giq) are calculated 
in [2n] and they are obtained by permutation of the parameters from the 
following ones: 

S01 „ = $i(xo/a;i) • $i(yo/yi) • $1(2/0/2/2) • <^i{zo/zi) ■ $1(20/22) • $1(20/^3) • $1(20/24) • 
*i(a^o2/o2;o/a;i2/iZi) • ^i{xoyoZQ/xiyiZ2) ■ ^lixoyozo/xiyizs) ■ ^lixoyozo/xiyiz^) ■ 
^iixoyoZo/xiy2Zi) ■ ^iixoyoZo/xiy2Z2) ■ ^iixoyoZo/xiy2Z3) ■ ^iixoyoZo/xiy2Z4) ■ 
^i{xoylzl/ xiyiy2ZiZ2) ■ '^i{xoylzllxiyiy2ZiZ'i) ■ ^i{xoylzllxiyiy2ZiZi) ■ 
^i{xoylzl/xiyiy2Z2Z3) ■ ^i{xoy^z^/xiyiy2Z2Z4) ■ ^i{xoyoZ^/xiyiy2Z3Z4) ■ 
^i{xlylzl/xlyiy2ZiZ2Z3) ■ ^i{xly^z^/xlyiy2ZiZ2Z4) ■ ^i{xlyoZ^/xlyiy2ZiZsZ4) ■ 
^i{xlylzl/xlyiy2Z2Z3Z4) ■ ^i{xly^z^/xly1y2ZiZ2Z3Z4) ■ ^i{xlylz^/xlyiylziZ2ZzZ4) ■ 
'^i{xlyoZo/xlyfyjziZ2Z3Z4) 

«02,3i' = -2$i (2/0/2/2) • $1(2/1/2/2) • ^i{zo/z2) ■ $1(20/23) • $1(20/24) • $1(21/22) • $1(21/23) • 
$1(21/24) • $1(2/02021/2/22223) • $1(2/02021/2/22224) • $1(2/02021/2/22324) • $1(2/12021/2/22223) • 
$1(2/12021/2/22224) • $1(2/12021/2/22324) • $1(2/02/1202^/2/1222324) • $1(2/02/12021/2/^222324) • 
^lir/xoyozo) ■ $i(a;o2/o2i/r) • ^i{xiyoZo/r) ■ ^i{r/xiyoZi) ■ $i(r/xiy222) • $i(?'/a;i2/223) • 
$i('"/a;i2/224) • ^i{r/xoy2Z2) ■ $i(?'/xo2/223) • $i(?'/a;o2/224) • $i(r2o2i/xo2/2 222324) • 

$l(''2o2i/a;iy2222324) 

where r = ^xoxiyoyizozi 
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S'>3,22' = 3$i(a;i/a;o) • $1(20/23) ■ $1(20/24) • $1(21/23) ■ $1(21/24) • $1(22/23) • $1(22/24) • 
$i(a;o2o2i/a:iZ3Z4) • $i(a;o2o22/a;i2324) • $i(a;o2i22/a;i2324) • $i(r/a;i2;o23) • $i(r/xiyoZ4) • 
^lir/xiniz^) ■ $i(r/xiyi24) • ^i{r/xiy2Z3) ■ ^i{r/xiy2Z4) ■ ^i{xayoZo/r) ■ ^i{xoyoZi/r) ■ 
^iixoyQZ2/r) ■ $i(a;o2/i2o/r) • $i(xoyi2i/r) • $i(a;oj/i22/r) • $i(xoy2Zo/'") • ^iixoy2Zi/r) ■ 
$1 (2:02/222/?') • ^i{r'^/xoXiyoyiZ3Z4) ■ ^i{r'^ /xoXiyoy2Z3Z4) ■ ^lir'^ /xQXiyiy2Z3Z4) 
where r = ^x^xiyoy 12/220-21-22 

•504,18 = -4$i(2/i/j/o)-$i(2/o/2/2)-$i(2q/24) -$1(21/24) •$l(22/24)-$l(23/24)-$l(xoyo2o/0- 

$i(a;o2/o2i/r) • $i(a;o2/o22/r) • $i(a;oyo23/?') • $i(a:i2/o2o/r) • $i(xij/o2i/r) • $i(a;i2/o22/r) • 
$i(xi2/o23/r) • $i(r/a;o2/i24) • $i(r/a:i2/i24) • $i(r/a;oy224) • $i(r/xij/224) ■ 
*i(''^/a;o2:iJ/oyi2o2i) • $i(r2/a;oa;i2/o2/i2o22) • $i(xoa;iyoyiZo23/»'^) ■ $i(a;oa;iyoJ/i2i22/r2) • 
$i(''^/a^oa^iyo2/i2i23) • $i(r2/a;oa;i?/o2/i2223) • $i(r2/a;oa;ij/i?/22o24) ■ $i(r2/a:;oa;i?/i2/22i24) • 
$i(?'^/a;oa;iyij/22224) • $i(r^/a:oa:i2/i2/22324) 
where r = {/a::ga;^yg2/i2/22o2i2223 

■505,16 = 5$i(a;o/xi) • $1(2/2/2/0) • $1(2/2/2/1) ' $i(a;o2/o2o/r) • $i(a;o2/o2i/r) • $i(a;o2/o22/»-) • 
$1(^02/023/?') • $1(0:02/024/?') • $i(a:o2/i2o/r) • $i(a:o2/i2i/r) • $i(a:o2/i22/r-) • $i(a:o2/i23/r) • 
$1(2:02/1 24/r) • $i(r/xi2/22Q) • $i(r/a:i2/22i) • $i(r'/xi2/222) • $i(r/a:i2/223) • $i(r/xij/224) ■ 
$i(a:oa;i2/o2/i2o2i/r2) • $i(a;oXi2/o2/i2o22/r2) • 

$i(a:oa;i2/o2/i2o23/r2) • $i(a;oa:i2/o2/i2o24/?'2) • $i(a:oa:i2/o2/i2i22/r2) • $i(xoa:i2/o2/i2i23/r2) • 
$i(a:oa:i2/o2/i2i24/r2) • $i(a:oa:i2/o2/i2223/r2) • $i(a:oXi2/o2/i2224/r2) • $i(a:oa:i2/o2/i2324/r^) 
where r = ^a:ga:^2/o2/iy2 2021 222324 

■506,15 = -6$i(2o/2i) • $1(20/22) • $1(20/23) • $1(20/24) • $i(r/a:o2/o2o) • $i(7'/a:o2/i2o) • 
^iir/xoy2Zo) ■ ^i{xiyoZo/r) ■ $i(xi2/i2o/r) • $i(xi2/22o/r) • $i(a:oa:i2/o2/i2o2i/r2) • 
$i(a:oa:i2/o2/i2o22/r2) • $i(2:oa:i2/o2/i2o23/?'2) • $i(xoa:i2/o2/i2o24/r2) • $i(a::oXi2/o2/22o2i/r2) • 
$1 (2:02:12/02/2 2022/7-^) • $1 (2:02:12/02/2 2o23/r'2) • $1 (2:02:12/02/2 2o24/r2) • $1 (2:02:12/12/2 2o2i/r2) • 
$1 (2:02:12/12/2 2022/r^) • $1 (2:02:12/12/2 2023/r^) ■ $1(2:02:12/12/22024/7-^) • 
*i (2:02:12/02/12/2 202122/r^) • $1(2:02:12/02/12/2202123/''^) ■ $1(2:02:12/02/12/2 2o2i24/r3) • 

$1 (2:^2:12/02/12/2 202223/r3) ■ $1 (2:02:12/02/12/2 2o2224/r3) • $1 (2:o2:i2/o2/l2/22o2324/r^) 

where r = ^/x^xfy^yfy^z^z^^z^z^ 

Following theorem 14.2.31 and [3U], Table 8.1, if we set 

Xf^ :={(,)-% (^ = 0,1), 

iCsr'y, (J = 0,l,2), 
iC^y'zk (A; = 0,1, 2, 3, 4), 

then Q(C6o)(^o, ^i, ^o, Yi, ^2, ^0, ^1, ^2, ^3, ^4) is a splitting field for n{Gig). 
Hence the factorization of the Schur elements over that field is as described 
by theorem 14.2.51 
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The groups G25, G 



26 



The following table gives the specialization of the parameters of the generic 
Hecke algebra 7i(G26), (^^o, xi] yo, yi, 1/2), which give the generic Hecke algebra 
of the group G25 ([31], Theorem 6.3). 



Group 


Index 


S 


T 


G26 
G25 


1 
2 


Xq, Xi 
1,-1 


2/0,2/1,2/2 
2/0,2/1,2/2 



Specialization of the parameters for 'H{G2&) 
Lemma 4 The algebra 7^(6*26) specialized via 

(xo, xi] yo, yi, 7/2) ^ (1, -1; 2/o, 2/i, 2/2) 

is the twisted symmetric algebra of the cyclic group G2 over the symmetric 
subalgebra H{G25) with parameters (2/0,2/1,2/2)- The block-idempotents of the 
two algebras coincide. 



Proof: 



We have 



7^(^26) = <S,T,U \ ST ST = TSTS, UTU = TUT, SU = US 

{S - xo){S - x^) = 
{T - yo){T - y,){T - y2) = 
{U - yo){U - yi){U - y2) = > 



Let 



A 



and 
Then 



<S,T,U \ ST ST = TSTS, UTU = TUT, SU = US, S^ 
{T - yo){T - y,){T - y2) = 
{U - yo){U - yi)iU - y2) = > 

A:=<SUS,T,U > . 



A = A®SAimdAc^ TiiG; 
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The Schur elements of all irreducible characters of 7^(6*26) are calculated 
in [31] and they are obtained by permutation of the parameters from the 
following ones: 

^4>i.o = ■-^i(xQ/xi)-^i{yQ/yi)-^i{yQ/y2)-^2{xQyo/xiyi)-^2{xoyo/xiy2)-^i{xoyo/xiyf)- 
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'^iixoyo/xiy^)-'^2{xoy^/xiyly2)-^2{xoy^/xiyiy^)-^eixoyi/xiyiy2)-^2{yi/yiy2)-'^6iya/yi)- 

*6(yo/y2) 

■502,3 = yi/yo^i{xo/xi)-^i{yo/y2)-^i(yi/y2)-^i{xQyo/xiy2)-^i{xoyi/xiy2)-^2{xoyo/xiy2)- 
^2{xoyi/xiy2) ■ ^2{xoyo/xiyi) ■ ^2{xoyi/xiyo) ■ ^6{xQyoyi/xiy2) ■ *2(2;oyi/yi) • ^eiyo/yi) 

■503,6 = -^i{xo/xi)-^3{xo/xi)-^2{xoyo/xiyi)-^2{xoyo/xiy2)-^2{xoyi/xiyo)-^2{xoyi/xiy2)- 
^2{xoy2/xiya) ■ '^2{:xoy2/xiyi) ■ <^2{yayi/yl) ■ '^2{yoy2/y'f) ■ ^2{yiy2/yl) 

S03,i =-^i{xilxQ)-^i{yolyi)-^x{yo/y2)-<^2{yoly2)-^i{yi/y2)-^2{yQyilyl)-^2{yllyiy2)- 

$6(yo/y2) ■ ^2{xoyQlxiy2) ■ ^2{xQyi/xiyo) ■ ^i{xQyllxiyl) ■ 
^2{xoylyi/xiyl) 

S06,2 = "^lixQ/xi) ■ <^i{yi/yo) ■ <^i{yo/y2) ■ '^i{yi/y2) ■ '^2{y2/yo) ■ $6(2/0/2/2) • $2(2/0^2/2/?) • 
^i{xoyi/xiy2) ■ ^2{xiyQ/xoy2) ■ $2(2^02/1/2:12/2) • $2(2:02/0/2:12/12/2) 

■508,3 = 2$i(j/o/2/i) -$1(2/0/2/2) -$2 (2:12/2/2:02/1) -$2 (2:i2/i/2;o2/2) -$2 (?'2/o/2;i2/i) -$2 (?'2/o/2;i2/f)- 
$i(?'2/2/2;i2/o2/i) • $i(''2/i/2:i2/o2/2) ' $3(^2/0/2:12/12/2) • $3 ('"2/0/2:02/12/2) 



where r = ^-xoXiyiy2 

■509,7 = $i(Cl) ■ $6(2/0/2/1) ■ $5(2/2/2/0) • $5(2/1/2/2) • $2(C32;o2/i2/2/2;i2/§) • $2(C32;o2/o2/2/2;i2/?) ■ 
$2(C32;o2/o2/i/2:i2/2) • $1(2:1/2:0) • $i(C32;o/2;i) 

Following theorem 14.2.31 and [30], Table 8.2, if we set 

Xf := {C2)-'x, (z = 0,l), 
Y;^:={C3)-^y, (j = 0,1,2), 

then Q{C3)iXi, X2,Yi,Y2,Y2) is a splitting field for 7^(^26). Hence the fac- 
torization of the Schur elements over that field is as described by theorem 

Km 



The group G28 ("F4") 

Let 'H{G2s) be the generic Hecke algebra of the real refiection group (^28 over 
the ring Z[x^, x^*^, y^, yf]. We have 

"^(^28) = < 'S'l , 5*2 , Ti , T2 I 5'i5'2S'i = 5*251 5*2, T1T2T1 = T2T1T2 

SiTi = TiSi, S1T2 = T2S1, S2T2 = T2S2, 

S2T1S2T1 = T1S2T1S2, 

{Si - xo)iSi - xi) = (Ti - yo)(Ti - y^) = > 
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The Schur elements of all irreducible characters of 'H{G2s) have been calcu- 
lated in [2H] and they are obtained by permutation of the parameters from 
the following ones: 

S0i,o = ^1(2/0/2/1) • ^6(yo/yi) • ^i{xo/xi) ■ $6(2:0/2^1) • ^i{xf)yl/xiyl) ■ ^el^^oyo/a^iyi) • 
^i{xlyf)/xlyi) ■ '^iixoya/xiyi) ■ $2(2:0^0/2:1^1) • *2(2:oyo/2:iyi) 

S02,4" ^ -yi/yo^eiyo/yi) ■ $3(2;o/a;i) • $6(a;o/a;i) • $i(a::o/a;i) • $i(xo/a;i) • ^i{xlyo/xlyi) ■ 
^2{xoyo/xiyi) ■ ^2{xoyi/xiyo) ■ $i(a;§yi/a;^yo) 

S04,8 = 2$6(yo/2/i)-$6(a::i/a;o)-*2(a;o?;i/a::iyo)-*2(a;o2;i/a::i2;o)-*2(a;i2;i/a:o?;o)-$2(2:oyo/a;iyi) 

504,1 = *i(yo/2;i) ■ *6(2;o/2;i) ■ $i(a;i/a;o) • $6(2;o/a;i) • $2(a;o?/i/a::i?/o) ■ *6(a;oyo/2;iyi) • 
*2(a;o2;o/a:^i2;i) • $2(a;o2;o/a:^i2;i) 

^'l>e,6" = ^^i{yi/yo) ■ $1(2/1/2/0) • $i(xi/a;o) • $i(a;i/xo) • $6(a;o2/o/2;iyi) • $2(2^02/1/2:12/0) • 
$2(a::i2/o/a;o2/i) 



'^'t'8.3" = -yi/yo^eiyo/yi) ■ $6(2:o/2;i) ■ $i(a;o/a;i) • $i(xi/a;o) • $3(a;o/xi) • ^i^xoyf/xiy^) ■ 



■S09,2 = $i(2/o/2/i)-*i(2:o/a;i)-$i(a;oyi/a;i2/g)-$4(a;o2/o/a;iyi)-$i(a;f2/o/a;o2/i)-*2(a;o2/o/a;i2/i)- 
$2(a;o2/o/a;i2;i) 

S0i2,4 = 6$3(j/o/2/i)-$3(a::i/a;o)-$2(a:o2/i/a;iyo)-$2(a;o2/i/2:i2/o)-$2(a;o2/o/a::i2/i)-^2(a;i2;i/xo2;o) 

■5016,5 = "^xiyi/xoyo^eiyo/yi) ■ $6(a:i/a;o) • $4(a:oyi/a;iyo) • $4(a:o2/o/a;i2/i) 

Following theorem 14.2.31 if we set 

^f := (C2)~*x, (^ = 0,1), 
Y^' := iC2)-'y, (j = 0,l), 

then Q(Xo, Xi, Yq, Yi) is a splitting field for 7i(G28)- Hence the factorization 
of the Schur elements over that field is as described by theorem 14.2.51 
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The group G32 

Let 7^(6*32) be the generic Hecke algebra of the complex reflection group G32 
over the ring Z[x^,xf,xf]. We have 

'H{G32) = < 'S'l, 5*2, 5*3, 5*4 I SiSi+iSi = Si-^-iSiSi-^-i, 

SiSj = SjSi when |« — j| > 1, 
{Si - xo)iSi - xi){Si - X2) = > 

The Schur elements of all irreducible characters of 'H{Gz2) have been calcu- 
lated in [31] and they are obtained by permutation of the parameters from 
the following ones: 

■S0i,o = '^i{xQ/x2)-^i{xi:>/x2)-^i{xo/xi)-^i{xo/xi)-<^i{xl/xixl)-^i{xl/xlx2)-^i{xl/xlxl)- 

^l[xllxlxl)-^2{xt/xixl)-^2{xl/xlx2)-^2{xl/xiX2)-'^2{xl/xiX2)-^&{xQ/x2)-'^fi{xo/xi)- 
^q[xII XixI)-^q{xII xIx2)-^q{xI/ XiX2)-^a{xI/ XiX2)-'^i{xQ/ X2)-^A{xti/ Xi)-^'i{xl/ XiX2)- 

^w{xo/x2) ■ ^w{xa/xi) ■ ^z(.xl/xiX2) 

S04,i = ^i{xtlxixl) ■ <^i{xl/xixl) ■ <^i{xl/xlx2) ■ ^i{xlxi/xl) ■ <^i{xi/xq) ■ $i(a;i/a;2) • 
$1 {xalx2) ■ $i(xo/a;2) • <^2{xl/xix'^) ■ <^2{xlxi/x'^) ■ <^2{xl/xixl) ■ '^2{xl/xiX2) ■ '^2{xo/x2) ■ 
^2{xoXi/xl) ■ ^(i{xQ/x2) ■ ^aixa/xi) ■ ^i{xa/x2) ■ ^:i{xl/xiX2) ■ ^w{xq/xi) ■ ^i5{xo/x2) 

S0,, = <^i{xlxl/xl)-<^i{xlxi/xl)-<^i{xQ/x2)-'^i{x(i/x2)-^i{xi/xo)-^i{xi/xt:t)-<^i{xi/x2)- 

'^l{xi/x2)-'^2{xl/xixl)-^2{xaxl/xl)-<^2{xi/x2)-'^2{xl/xiX2)-'^2{xQXi/xl)-^2{xlxi/xl)- 
'^2{X0/X2) ■ $2(2:0/2^2) • '^&{xq/x2) ■ '^&{xo/x2) ■ <^f,{xo/xi) ■ <^i{xQ/xi) ■ $3 (xqXi/x^) • 

$i2(xo/a;2) 




$io(a;o/a;i) • ^^{xoXi/xD 



S01O,2 = ^l{xlxi/xl)-<^l{xl/xixl)-<^l{xi/x2)-^l{xi/x2)-^l{xi/xo)-^l{x2/xQ)-^l{xo/x2)- 
$1 {X0IX2) ■ '^2{xl/xlx2) ■ '^2{xl/xixl) ■ <^2{xoXi/xl) ■ <^2{xoX2/xl) ■ ^2{xo/x2) ' '^2{xo/x2) ' 

$2(a:;i/a;2) • ^2{xl/xiX2) ■ '^(i{xlxi/xl) ■ $6(2^o/a;2) • '^e,{xo/xi) ■ ^a{xo/x2) ■ '^i{xl/xiX2) 

S0,,g = <^l{xl/ Xixl)-<^l{xl/ xlx2)-^l{xol Xi)-^l{xo/ Xi)-<^l{x2l Xi)-^l{x2/ Xi)-^l{x2/ Xo)- 
$1 {xq/x2) ■ '^2{xlx2/x\) ■ <^2{xlxi/xf) ■ ^2{xI/xqX2) ■ <^2{xqXi/xI) ■ ^2{XolX2) ■ ^2(xo/xi) ■ 
^2{xl/xiX2) ■ ^2{xllxiX2) ' $6(2:0/2^12:2) ' $6(2;o/2:i) • $6(2;o/2;2) ' $4(2:o/2;i2;2) 

S015,8 = '^l{xlx2/xl)-^i{xlx2/xl)-^i{xo/x2)-^l{xo/x2)-^l{xi/x2)-'^l{xi/x2)-^l{xi/xo)- 

$1 (2;o/2;i) • $2(2;i2;2/2:g) • $2(2:o2;2/2:?) • $2(2;o2;i/x^) • $2(2;o2;i/2;^) • $2(2;i/2;2) • $2(2;i/x2) • 
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$2(a;o/a:2) • $2(a;o/a;2) • *6(a;o/a;2) • $6(a:i/a;2) • $4(a;oa;i/a:i) 

5020.3 = $i(a;^a;2/a;?)-$i(a;o/a;i)-$i(a;o/a;i)-$i(a;2/a;o)-*i(a;o/a;2)-$i(a;o/2;i2;2)-*i(2;o/2;i2:2)- 
$1 (a;i/a;2) • 'i>2{xoxl/xl) ■ ^i(x\IxqXi) ■ ^lixUxxXi) ■ ^2{xqXyIx\) ■ ^2{xqIx'2) ■ ^i{x2Ixq) ■ 
^(i{xllx\x2) ■ $6(a;o/a;2) • ^^x^jx^) ■ ^z{xqXyIx\) 

5020.5 = -^\{x\lxlx2) ■ ^y(x%Ix\x2) ■ ^x{xqx\Ix\) ■ ^x{xlxxlx\) ■ $i(a;2/a:i) • $i(a;2/a:i) • 

^i{xqI X2)-^x{xqI X2)-^2{x\l XQxl)-^2{xll Xxx\)-^2{xqXxI x\)-^2{xqXxI xI)-^^{xqXxI x\)- 

$6(a;i/a;o) • ^&{x\lx2) ■ '^f>{xQlx2) ■ '^^{xqXxIxI) 

5020.7 = ^\{x%Xxlx\)-^Y{xi)x\lx\)-^Y{xilxQ)-^Y{x\lx^)-^Y{x2lxQ)-^Y(xQlx2)-^\(xYlx2)- 

$1 {xxlx2) ■ ^2(xqIx2) ■ *2(a;2/a:o) • ^2{xlx2lxX) ■ ^2{xqx\Ix\) ■ $2(a;oa;i/a;|) • '^2{xl/xoX2) ■ 
$6G^o/a;2) • <^6{xo/x2) ■ $6(a;i/a;2) • $3(a;o/a;ia;2) 

S02o,i2 = 2$i(a;2/a;i)-$i(a;i/a;2)-$i(a:2/a;o)-$i(a:i/a;o)-$i(a;2/a;o) •$i(a;i/a:;o)-$i(a:o/a;2)- 
'^iixo/xi)-'^2{xoxl/xl)-<^2{xoxyxl)-<^2{xl/xiX2)-'^2{xiX2/xl)-^2{xo/xi) • $2 (a;o/a;2) ' 
*2(a;o/a;i) • $2(a;o/a;2) • $6(a;2/a;i) • $6(a;i/a;2) • $3(a;o/a:ia;2) 

5024.6 = $i(a;?/a:;§a;2) • 'Piixl/xlxi) ■ $i(a;o/a::i) • $i(a:;o/a;2) • $i(a;o/a::i) • $i(a::o/a;2) • 
$i(a;2/xi) • $i(a::i/a;2) • $2(a;o/a;i) • $2(a;o/a;2) • *2(a;oa;2/a;?) • 'i>2ixoXi/xl) ■ $6(a;o/a;i) • 
$6(a;o/a;2) • $4(a;o/a;i) • $4(a;o/.T2) • $5(a;o/2;i2;2) 

5030.4 = $i(a;g/a;?a;2)-$i(a;o/a;2)-$i(a;i/a;o)-*i(a;i/a;o)-$i(a;i/a;2)-$i(a;i/a;2)-$i(a;o/a;2)- 
$i(a;o/a;2) • $2(a;i/a;o) • $2(a;i/a;2) • *2(a;2/a;o) • <^2{xyxix^) ■ <p2{xoxl/xf) ■ $2(a;o/a;2) • 
$2(a:oa;2/a;?) • $2(a;o/a;ia;2) • $6(a;o/a;i) • $6(a;i/a:;2) • $6(a;o/a;2) • *4(a;o/a;2) 

^030,12 =*i(a;i/a:oa;i)-*i(a;i/a;2)-$i(a;o/a;i)-$i(a;o/a;i)-$i(a;o/a;2)-$i(a;o/a;2)-$i(a;i/a;2)- 
$i(a;i/a;2) • $2(a;o/a;i) • $2(a;o/.T2) • *2(a;2/a;i) • $2(a:f/a;oa;|) • <p2{xixyxl) ■ $2(a;i/a;2) • 
$2(a:;ia;2/a;o) • $2(a;f /a:;oa;2) • *6(a;i/a;o) • $6(a;o/a;2) • $6(a;i/a;2) • ^4(a;i/a;2) 

■S036.5 = *i(VC3) ■ $i(a;o/a;2) • $i(a;i/a;o) • $i(C3a:o/2;i2;2) • <^iiCixoX2/xl) ■ <^iixl/CixoXi) ■ 

$2(a:ia;2/a:§)-$2(a;^a;2/C3a;i)-*2(C|a;^a;i/a;^)-$6(a;o/a;ia;2)-*6(a;o/a;i)-<E>6(a;o/a;2)-$6(a;i/a;2)- 

$5(C3a;o/a;2)-*5(C3a;o/a:i) 

5040.8 = $i(a;ga;?/a;^)-$i(a;i/a;o)-$i(a;o/a;i)-$i(a:o/a;2)-$i(a;2/a:;o)-$i(a;o/a:2)-$i(a;?a;2/a:;i])- 
$i(a;2/a;i) • $2(a;o/a;i) • $2(a;oa:i/a:i) • $2(2^0/2:12:2) • $2(a;o/a;2) • $6(a:o/a;i) • $6(a;i/a:;2) • 
$4(a;o/a:i) • $4(a;o/a;2) • $3(a:oa;2/a;?) 

S045,6 = *i(C3) • $i(C|a:o/2:i2:2) • $1 ((32:02:2/2;?) • $1 ((32:02:1 /a;2) • $i(a;2/2;o) • «'i(a:i/2;2) • 
<^2{Cixlx2/xl) ■ $2(C|2;?2;2/2;g) • $2(a;o/C|2:2) • $2(C32:i/2:2) • $2 (2:02:1 /a;i) • $6(2:1/2:0) • 
$6(2;i/x2) • $6(2:0/2:2) • $6(2:02:1/2:1) • $4(C32:o/2:2) ' $4(C32:i/2:2) 
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i0,„, = 'Pl{xoxl/xl)-'Plixo/xi)-'Plixo/xi)-^l{xi/x2)-^lixi/x2)-^l{xQ/x2)-^l{xQ/3L 

&1 {xixl/xD ■ 'p2ixo/xi) ■ ^sC^^iM) • '^2ixl/xQX2) ' $2 (a;iX2/a;g) • $2(a:;i/a;2) • $2(a:;i/a; 
&6(a;o/a;i) • *6(a;2/a;i) • $4(a:^o/a;i) 



■^■^^eo.ii =*i(2^ia;2/4)-*i(a;o/a:i)-$i(a;o/xi)-$i(a;i/x2)-$i (0:1/2:2) •$i(a;2/a::o)-$i (0:2/2:0) • 
$i(a;oa:^/a:f)-$2(a;?/a;oa;2)-*2(a:oa:i/a:|)-$2(a:oa:i/x|)-$2(a:^o/a;ia;2)-$2(a:o/a;i)-$2(a:o/2:i)- 
$6(a;oa:i/.T|) -$6(2:1/2:0) 

S06o,i2 = 2$i(a:oa:i/a:f) • $i(a:oa;f/a:i) • $i(xi/a:o) • $i(a:i/a:o) • $i(a:i/a:o) • $1(2:2/2:0) • 
$1(2:2/2:0) • $1(2:2/2:0) • $2(2:2/2:1) • $2(2:1/2:2) • $2(2:^/2:12:2) • $2(2:^/2:12:2) • $6(2:^/2:12:2) • 
$6(2:1/2:2) • $6(2:2/2:1) • $4(2:0/2:1) • $4(2:0/2:2) 

S0,,g =2$i(r2:i/x^)-$i(2:^/r2;o)-$i(2:o/2:2)-$i(2:2/2;i)-$i(xo/2:i)-$i(xi/2;o)-$i(xg/2;i2;i)- 
$1(2:02:1/2;?) • $2(r2:§/2:?2:2) • $2('"2:?/2:§2:2) • $3(2;o2:i/2;|) • $io(r/2;2) • $i5(r/2:o) 
where r — -^xqXi 

S03(,_3 = 2$i (2:02:^/2:3) • $i(2:o2;^/xf) • $1(2:0/^1) • $i(xo/xi) • $1(^2/2:0) • $1(2:2/2:0) • 
$1(2:2/2:1) • $1(2:2/^1) • $2(^0/2:2) • $2(2:0/2:1) • $4(2:1X2/2;^) • $4(2:0/^1) • $4(2:0/2:2) • 
$3(2;^/xi2:2) • $12(2:1/^2) 

S08i,io = 3$2(r2;2/2;^) • $2(7-2:2/2:?) • $2(r2:o/2;|) • $2(r2;o/2:?) • $2(rxi/2;§) • $2(^1/2;^) • 
$2(2:02:1/2:^) • $2(2:02:2/2:2) • $2(2:i2;2/2;g) • $2(r/x2) • $2(r/2;o) • $2(r/2;i) • $4(rV2;o2;i) • 
$4(^7x0x2) • $4(rVxiX2) • $5(?-/xo) • $5(?-/x2) • $5(r/xi) 
where r — ^fx^x\X2 

Following theorem 14.2.31 and [30], Table 8.2, if we set 

Xf := (C3)-^a;, (z = 0,l,2), 

then Q(C3)(Xo, Xi, X2) is a splitting field for 'H{G-i2)- Hence the factorization 
of the Schur elements over that field is as described by theorem 14.2.51 

Some corrections on the article f33| 

Example 3.17 (^34) : 

type M.{Z'i)": the first character of the first block is ^'/oss- 
type 0:3x5: the second block is 

(084,41, 084,37, 0336,34, 0336,32, 0420,31, 0420,35, 0504,33)- 

Example 3.19 {G^^) : There are two families of type Ai{Z2) missing: 

(015,28,0105,26,0120,25) and (015,7,0105,5,0120,4) 

127 



(the characters may not be in the correct order). 

Example 4.1 {G5) : The decomposition matrix of the last family for p = 3 
is wrong; the characters of degree 1 aren't in the same 3-block of the 
group algebra with the characters of degree 2. 

Example 4.3 (G13) : The decomposition matrix of the last family for p = 2 

is wrong; the characters of degree 2 aren't in the same 2-block of the 
group algebra with the characters of degree 4. 

Example 6.4 (Gg) : The blocks given here are completely wrong. The 
correct, probably, are: 

(^2,7) 02,ll)> (02,7' '^2,11)' (<^i,12' <^1,12' 02,4, 02,8), (01,6, 01,30, 02,10, 02,14), 
(02,5, 02,13, 02,1, 02,17, 04,9, 04,3, 04,7, 04,5)- 

Example 6.5 (Gio) : The last three non-trivial blocks are: 

(01,16, 02,10, 03,12, 03,8' 03,4), (01,12, 02,18, 03,8' 03,12, 03,16), 
(01,14, 01,26, 02,8, 03,14 03,2, 03,10' 03,10' 03,6' 03,6' 04,11, 04,5)- 
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